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Abstract. Theory of representations of universal algebra is a natural devel- 
opment of the theory of universal algebra. Morphism of the representation 
is the map that conserve the structure of the representation. Exploring of 
morphisms of the representation leads to the concepts of generating set and 
basis of representation. In the book I considered the notion of tower of T-k- 
representations of Qi-algebras, i = 1, n, as the set of coordinated T-k- 
representations of H^-algebras. 
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CHAPTER 1 



Preface 

1.1. Preface 

In my papers, I often explore problems relating to the representation of univer- 
sal algebra. Initially it was small sketches which I repeatedly corrected and rewrote. 
However gradually there were new observations. As a result, auxiliary tool became 
a consistent theory. 

I realized this when I was writing book [7] , and I decided to dedicate a separate 
book to the questions related with representation of universal algebra. Exploring 
of the theory of representations of universal algebra shows that this theory has a 
lot of common with theory of universal algebra. 

The definition of vector space as representation of field in the Abelian group 
was the main impetus of deeper exploring of representations of universal algebra. 
I put attention that this definition changes role of linear map. It was found that 
linear map is the map that preserves the structure of the representation. It is easy 
to generalize this structure for an arbitrary representation of universal algebra. 
Thus I came to the notion of morphism of representation. 

The set of regular automorphisms of vector space forms a group. This group 
is single transitive on the set of basises of vector space. This statement is the 
foundation of the theory of invariants of vector space. 

The natural question arises. Can we generalize this structure to arbitrary 
representation? The basis is not the only set that forms the vector space. If we 
add an arbitrary vector to the set of vectors of basis, then a new set also generates 
the same vector space, however this set is not basis. This statement is initial point 
where I started exploring of generating set of representation. Generating set of 
representation is one more interesting parallel between theory of representations 
and theory of universal algebra. 

The set of automorphisms of representations is loop. Nonassociativity of the 
product is the source of numerous questions which require additional research. All 
these questions lead to the need to understand the theory of invariants of a given 
representation. 

If we consider the theory of representations of universal algebra as an extension 
of the theory of universal algebra, then why not consider the representation of one 
representation in another representation. Thus the concept of the tower represen- 
tations appeared. The most amazing fact is the statement that all maps in the 
tower of representations are coordinated. 
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1. Preface 



1.2. Conventions 

(1) Function and mapping arc synonyms. However according to tradition, 
correspondence between either rings or vector spaces is called mapping 
and a mapping of either real field or quaternion algebra is called function. 

(2) In [8], an arbitrary operation of algebra is denoted by letter lo, and Q, 
is the set of operations of some universal algebra. Correspondingly, the 
universal algebra with the set of operations 51 is denoted as f2-algcbra. 
Similar notations we sec in [1] with small difference that an operation in 
the algebra is denoted by letter / and J- is the set of operations. I prcfercd 
first case of notations because in this case it is easier to see where I use 
operation. 

(3) Since the number of universal algebras in the tower of representations is 
varying, then we use vector notation for a tower of representations. We 
denote the set (Ai, An) of Jli-algebras A^, i = 1, rt as A. We denote 
the set of representations (/i,2i /n-i,n) of these algebras as /. Since 
different algebras have different type, we also talk about the set of 17- 
algebras. In relation to the set we also use matrix notations that we 
discussed in section [5]-2.1. For instance, we use the symbol ^[ij to denote 
the set of fi-algebras (A2, A„). In the corresponding notation (^[1], /) 
of tower of representation, we assume that / = (/2,3, fn-i,n)- 

(4) Since we use vector notation for elements of the tower of representations, 
we need convention about notation of operation. We assume that we get 
result of operation componentwise. For instance, 

r(a) = (ri(ai), ...,r„(a„)) 

(5) I believe that diagrams of maps are an important tool. However, some- 
times I want to see the diagram as three dimensional figure and I expect 
that this would increase its expressive power. Who knows what surprises 
the future holds. In 1992, at a conference in Kazan, I have described to 
my colleagues what advantages the computer preparation of papers has. 8 
years later I learned from the letter from Kazan that now we can prepare 
paper using LaTeX. 

(6) Without a doubt, the reader may have questions, comments, objections. 
I will appreciate any response. 



CHAPTER 2 



Representation of Universal Algebra 

2.1. Representation of Universal Algebra 

Definition 2.1.1. Suppose wc defined the structure of f22-algcbra on the set M 
([1, 8]). We call the endomorphism of 172-algebra 

t: M ^ M 

transformation of universal algebra M.^'^ □ 

We denote S identical transformation. 

Definition 2.1.2. Transformations is left-side transformation or T*-transfor- 
mation if it acts from left 

u' — tu 

We denote *M the set of r*-transformations of universal algebra M . □ 

Definition 2.1.3. Transformations is right-side transformations or *r-trans- 
formation if it acts from right 

u' = ut 

We denote M* the set of nonsingular ★T-transformations of universal algebra M . 

□ 

Definition 2.1.4. Suppose we defined the structure of fii-algebra on the set *M 
([1]). Let A be ili -algebra. We call homomorphism 

(2.1.1) f:A^*M 

left-side or T*-representation of ili-algebra A in il2-algebra M □ 

Definition 2.1.5. Suppose we defined the structure of fii-algebra on the set M* 
([1]). Let A be fJi -algebra. We call homomorphism 

/ : A ^ il/* 

right-side or ★T-representation of fii-algebra A in r22-algebra M □ 

We extend to representation theory convention described in remark [5]-2.2.15. 
We can write duality principle in the following form 

Theorem 2.1.6 (duality principle). Any statement which holds for T-k-represen- 
tation of ^i- algebra A holds also for *T -representation of ili- algebra A. 

■^•"^If the set of operations of f22-algobra is empty, then t is a map. 
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2. Representation of Universal Algebra 



Remark 2.1.7. There exist two forms of notation for transformation of r22-alge- 
bra M . In operational notation, we write the transformation A as either Aa which 
corresponds to the r*-transformation or aA which corresponds to the ★T-transfor- 
mation. In functional notation, we write the transformation A as A{a) regardless 
of the fact whether this is Ti^-transformation or this is i^T-transformation. This 
notation is in agreement with duality principle. 

This remark serves as a basis for the following convention. When we use func- 
tional notation we do not make a distinction whether this is r*-transformation or 
this is *T-transformation. We denote *M the set of transformations of ri2-algebra 
M. Suppose we defined the structure of fii-algebra on the set *M. Let A be fii- 
algebra. We call homomorphism 

(2.1.2) f:A^*M 

representation of f^i-algebra A in fi2-algebra M. 

Correspondence between operational notation and functional notation is unam- 
biguous. We can select any form of notation which is convenient for presentation 
of particular subject. □ 



Diagram 



M -V 







/ 




/ 


1 



means that we consider the representation of fii-algebra A. The map /(a) is image 
of a e A. 

Definition 2.1.8. Suppose map (2.1.2) is an isomorphism of the 17i-algebra A into 
*AI. Than the representation of the 51i-algebra A is called effective. □ 

Remark 2.1.9. Suppose the T^-rcprcsentation of 51i-algebra is effective. Then we 
identify an element of £7 1 -algebra and its image and write r*-transormation caused 
by element a & A as 

v' = av 

Suppose the *T-representation of l^i-algebra is effective. Then we identify an ele- 
ment of r^i-algebra and its image and write ★T-transormation caused by element 
a G ^ as 

v' = va 

□ 

Definition 2.1.10. We call a representation of i7i-algebra transitive if for any 

a,b gV exists such g that 

« = figm 

We call a representation of fii-algcbra single transitive if it is transitive and 
effective. □ 

Theorem 2.1.11. T-k-representation is single transitive if and only if for any a,b G 

M exists one and only one g E A such that a ~ f{g){b) 

Proof. Corollary of definitions 2.1.8 and 2.1.10. □ 
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2.2. Morphism of Representations of Universal Algebra 
Theorem 2.2.1. Let A and B he D,i-algebras. Representation of fli-algebra B 

g:B^*M 

and homomorphism of D,i-algebra 

(2.2.1) h:A^B 

define representation f of fli-algebra A 

A *M 




B 



Proof. Since mapping g is homomorphism of f^i-algcbra B into 17i-algebra 
*M, the mapping / is homomorphism of f2i-algebra A into Oi-algebra *M. □ 

Considering representations of fii-algebra in r22-algebras M and N, we are 
interested in a mapping that preserves the structure of representation. 

Definition 2.2.2. Let 

f : A^*M 

be representation of fii-algebra A in fi2-algebra AI and 

g: B 

be representation of fii-algebra B in r22-algcbra N. Tuple of maps 

(2.2.2) {r : A-^ B,R: AI ^ N) 

such, that 

• r is homomorphism of fii-algebra 

• i? is homomorphism of r22-a'lgebra 

(2.2.3) i?o/(a) =5(r(a))oi? 

is called morphism of representations from / into g. We also say that mor- 
phism of representations of J7i-algebra in r22-algebra is defined. □ 

For any m 6 A/ equation (2.2.3) has form 

(2.2.4) i?(/(a)(TO))=5(r(a))(i?(m)) 
Remark 2.2.3. We may consider a pair of maps r, R as map 

F : AUM ^ BUN 

such that 

F{A) = B F{M) = N 
Therefore, hereinafter we will say that we have the map (r, R) . □ 
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2. Representation of Universal Algebra 



Remark 2.2.4. Let us consider niorphisni of representations (2.2.2). We denote 
elements of the set B by letter using pattern b £ B. However if we want to show 
that b is image of element a € A, we use notation r{a). Thus equation 



means that r{a) (in left part of equation) is image a A (in right part of equation). 
Using such considerations, we denote element of set N as R{m). We will follow 
this convention when we consider correspondences between homomorphisms of ili- 
algebra and mappings between sets where we defined corresponding representations. 
There are two ways to interpret (2.2.4) 

• Let transformation /(a) map m Cz M into f{a){m). Then transformation 
g{r{a)) maps i?(m) G TV into i?(/(a)(m)). 

• We represent morphism of representations from / into g using diagram 



r(a) = r{a) 



M 



R 



N 




(1) 



A 



r 



B 



From (2.2.3) it follows that diagram (1) is commutative. 



□ 




h : A 



B 



H : M 




Proof. Since / is homomorphism, we have 

(2.2.6) H oLo{f{a,),...,f{a„)) = H o f{uj{a,,...,an)) 
From (2.2.3) and (2.2.6) it follows that 

(2.2.7) H o c^(/(ai), /(a„)) = g{h{uj{ai, a„))) o H 
Since h is homomorphism, from (2.2.7) it follows that 

(2.2.8) H o uifiai), /(a„)) = .9(w(/i(ai), /i(a„))) o H 
Since g is homomorphism, (2.2.5) follows from (2.2.8). 



□ 
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Theorem 2.2.6. Let the map 

h : A ^ B H -.M 

be morphism from representation 

f ■.A^*M 

of fli-algebra A into representation 

g:B^*N 

of ^li- algebra B. If representation f is effective, then the map 

*H : *M ~> *N 

defined by equation 

(2.2.9) *H{f{a)) = g(h{a)) 
is homomorphism of Qi-algebra. 

Proof. Because representation / is effective, then for given transformation 
/(a) element a is determined uniquely. Therefore, transformation g{h{a)) is prop- 
erly defined in equation (2.2.9). 

Since / is homomorphism, we have 

(2.2.10) *il(c.(/(ai),...,/(a„))) =*i7(/(c.(ai,...,a„))) 
From (2.2.9) and (2.2.10) it follows that 

(2.2.11) *H{Lo{f{ai), /(a„))) = 9{H^[a^, ««))) 
Since h is homomorphism, from (2.2.11) it follows that 

(2.2.12) *H{Lj{f{a,), /(a„))) = ^(^^(/^(ai), M""))) 
Since g is homomorphism, 

*H{oj{f{ai), /(a„))) = oj{g{h{a,)), g{h{an))) - u;{* H{f{a,)), *i?(/(a„))) 
follows from (2.2.12). Therefore, the map *H is homomorphism of fii-algebra. □ 
Theorem 2.2.7. Given single transitive representation 

f : A^ *M 

of ill-algebra A and single transitive T-k-epresentation 

g:B^*N 
of ill- algebra B, there exists morphism 

h : A ^ B H : M ^ N 

of representations from f into g. 
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2. Representation of Universal Algebra 



Proof. Let us choose homomorphisni h. Let us choose element m ^ M and 
element n E N. To define map H, let us consider following diagram 



a h(a) 




From commutativity of diagram (1), it follows that 

H{am) = h{a)H{m) 

For arbitrary m' G M , we defined unambiguously a E A such that m' = am. 
Therefore, we defined mapping H which satisfies to equation (2.2.3). □ 

Theorem 2.2.8. Let 

f : A^*M 

he single transitive representation of Qi-algebra A and 

g:B^*N 

be single transitive representation of Qi- algebra B. Given homomorphism of Qi- 
algebra 

h : A ^B 

let us consider a map 

H : M ^ N 

such that (h, H) is morphism of representations from f into g. This map is unique 
up to choice of image n ~ H{m) £ N of given element m g M. 

Proof. From proof of theorem 2.2.7 it follows that choice of homomorphism 
h and elements m G M , n E N uniquely defines the map H. □ 

Theorem 2.2.9. Given single transitive representation 

f -.A^ *M 

of ill-algebra A, for any endomorphism of Qi-algebra A there exists endomorphism 
p : A ^ A P -.M *- M 

of representation f . 



2.2. Morphism of Representations of Universal Algebra 13 

Proof. Let us consider following diagram 



M 




Statement of theorem is corollary of theorem 2.2.7. □ 
Theorem 2.2.10. Let 

f ■.A-^*M 

be representation of fli-algebra A, 

g:B^*N 

he representation of fli- algebra B, 

h:C^*L 

be representation of fli-algebra C. Given morphisms of representations of fli- 
algebra 

p : A ^ B P : M ^ N 

q:B Q:N 

There exists morphism of representations of fli-algebra 

r : A ^ C R:M ^ L 

where r — qp, R = QP . We call morphism (r, R) of representations from f into 
h product of morphisms {p, P) and (q, Q) of representations of universal 
algebra. 

Proof. We represent statement of theorem using diagram 




L 
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2. Representation of Universal Algebra 



Map r is homomorphism of 57i-algebra A into 57i-algebra C. We need to show that 
tuple of maps (r, i?) satisfies to (2.2.3): 

R{f{a)m) = QP{f(a)m) 

= Q{g{p{a))P{m)) 

= h{qp{a))QP{m)) 

= h{r{a))R{m) 

□ 

Definition 2.2.11. Let A be category of fii-algebras. We define category T -k A 
of T*-representations of ili-algebra from category A. T*-representations of 
rii-algebra are objects of tliis category. Morpliisms of T*-representations of ili- 
algebra are morphisms of this category. □ 

Theorem 2.2.12. Endomorphisms of representation f form semigroup. 

Proof. From theorem 2.2.10, it follows that the product of endomorphisms 
{p, P), (r, R) of the representation / is endomorphism (pr, PR) of the representation 
/• □ 

Definition 2.2.13. Let us define equivalence S on the set M. Transformation / 
is called coordinated with equivalence S, when f{mi) = /(m2)(modS') follows 
from condition mi = m2(modS'). □ 

Theorem 2.2.14. Let us consider equivalence S on set M . Let us consider Hi- 
algebra on set *M. Since transformations are coordinated with equivalence S, we 
can define the structure of fli-algebra on the set *{M/S). 

Proof. Let h = nat S. If mi = m2(mod5), then h{mi) ~ h{m2). Since 
/ e *M is coordinated with equivalence S, then h{f{mi)) ~ /i(/(m2)). This allows 
to define transformation F according to rule 

F(H) = Hfim)) 
Let Lj be n-ary operation of Jli-algcbra. Suppose /i, /„ e *AI and 
Fi{[m]) = h{fi{m)) ... F„([m]) = /i(/nM) 
We define operation on the set *{M/S) according to rule 
a;(Fi, ...,F„)[77i] = /„)m) 

This definition is proper because /„) G *M and is coordinated with equiv- 

alence S. □ 

Theorem 2.2.15. Let 

f : A^*M 

be representation of fli-algebra A, 

g:B^*N 
be representation of ^i- algebra B. Let 

r : A ^ B R : M ^ N 

be morphism of representations from f into g. Suppose 

s = rr^i S = RR-^ 
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Then there exist decompositions of r and R, which we describe using diagram 



RM 




(1) s = kcr r is a congruence on A. There exists decompositions of homo- 
morphism r 

(2.2.13) r = itj 

j = nat s is the natural homomorphism 

(2.2.14) 3{ci)^]{a) 
t is isomorphism 

(2.2.15) r{a)=t{]{a)) 
i is the inclusion mapping 

(2.2.16) r(a) = i{r{a)) 

(2) S = kcr R is an equivalence on M. There exists decompositions of homo- 
morphism R 

(2.2.17) R = ITJ 

J ~ nat S is surjection 

(2.2.18) J(m) = J(m) 
T is bijection 

(2.2.19) R{m) = T{J{m)) 
I is the inclusion mapping 

(2.2.20) R{m) = I{R{m)) 

(3) F is T-k-representation of fli- algebra A/s in M/S 

(4) G is T-k-representation of fli- algebra rA in RM 

(5) (j, J) is morphism of representations f and F 

(6) (i, T) is morphism of representations F and G 

(7) {t~^,T~^) is morphism of representations G and F 

(8) («,/) is morphism of representations G and g 
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2. Representation of Universal Algebra 



(9) There exists decompositions of morphism of representations 

(2.2.21) (r,i?) = (z,/)(t,r)(j,J) 

Proof. Existence of diagrams (1) and (2) follows from theorem II. 3. 7 ([8], p. 

60). 

We start from diagram (4). 
Let TOi = m2(mod S). Then 

(2.2.22) R{mi)^R{m2) 
Since ai = 02 (mods), then 

(2.2.23) r{ai)=r{a2) 

Therefore, j{ai) = j(a2)- Since {r,R) is morphism of representations, then 

(2.2.24) i?(/(ai)(mi)) - 5(r(ai))(i?(mi)) 

(2.2.25) i?(/(a2)(m2)) =5(r(a2))(i?(m2)) 
From (2.2.22), (2.2.23), (2.2.24), (2.2.25), it follows that 

(2.2.26) i?(/(ai)(mi)) = i?(/(a2)(m2)) 
From (2.2.26) it follows 

(2.2.27) /(ai)(mi) = /(a2)(m2)(mod5) 
and, therefore, 

(2.2.28) J(/(ai)(mi)) - J(/(a2)(m2)) 
From (2.2.28) it follows that we defined map 

(2.2.29) FU{a)){J{m)) = J(/(a)(m))) 

reasonably and this map is transformation of set M/S. 

From equation (2.2.27) (in case ai = 02) it follows that for any a transformation 
is coordinated with equivalence S. From theorem 2.2.14 it follows that we defined 
structure of fii-algebra on the set *{M/S). Let us consider n-ary operation cj and 
n transformations 

FU{a,)){Jim)) = J(/(aO(m))) i = 1, ...,n 
of the set M/S. We assume 

a;(F(j(ai)), i^(j(a„)))(J(m)) - J(c^(/(ai), /(a„)))(m)) 

Therefore, map F is representations of i7i-algebra A/s. 

From (2.2.29) it follows that (j, J) is morphism of representations / and F (the 
statement (5) of the theorem). 

Let us consider diagram (5). 

Since T is bijection, then we identify elements of the set M/S and the set M R, 
and this identification has form 

(2.2.30) T{J{m)) = R{m) 

We can write transformation F{j{a)) of the set AI/S as 

(2.2.31) FUia)) : J{m) ^ F{j{a)){J{m)) 



2.2. Morphism of Representations of Universal Algebra 
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Since T is bijection, we define transformation 

(2.2.32) T{J{m)) ^ T{F{3{a)){J{7n))) 

of the set RM . Transformation (2.2.32) depends on j(a) G A/ s. Since t is bijection, 
we identify elements of tlie set A/ s and the set rA^ and this identification has form 

(2.2.33) t{]{a))=r{a) 
Therefore, we defined map 

G -.rA^ *RM 

according to equation 

(2.2.34) GmamT{J{m))) = T{F{j{a)){J{m))) 
Let us consider n-ary operation lo and n transformations 

G[r{a,)){R[m)) = T[F{j{a,)){J[m))) i = 1, n 
of space RM. We assume 

(2.2.35) w(G(r(ai)),...,G(r(a„)))(i?(m)) = T(c.(F(j(ai),...,F(j(a„)))(J(m))) 

According to (2.2.34) operation uj is defined reasonably on the set *RM. Therefore, 
the map G is representations of fli-algebra. 

From (2.2.34) it follows that {t,T) is morphism of representations F and G 
(the statement (6) of the theorem). 

Since T is bijection, then from equation (2.2.30) it follows that 

(2.2.36) J{m) =T-\R{m)) 
We can write transformation G(r(a)) of the set RM as 

(2.2.37) G{r{a)) : R{m) G{r{a)){R{m)) 
Since T is bijection, we define transformation 

(2.2.38) T-^{R{m)) ^T-\G{r{a)){R{m))) 

of the set M/S. Transformation (2.2.38) depends on r{a) G rA. Since t is bijection, 
then from equation (2.2.33) it follows that 

(2.2.39) j(a) = t-\ria)) 

Since, by construction, diagram (5) is commutative, then transformation (2.2.38) 
coincides with transformation (2.2.31). We can write the equation (2.2.35) as 

(2.2.40) r-i(c.(G(r(ai)),...,G(r(a„)))(i?(m))) =^(i^(j(«i),...,F(j(an)))(^M) 
Therefore {t^^, T^^) is morphism of representations G and F (the statement (7) of 
the theorem). 

Diagram (6) is the most simple case in our prove. Since map / is immersion 
and diagram (2) is commutative, we identify n G N and R{m) when n £ ImR. 
Similarly, we identify corresponding transformations. 

(2.2.41) g'{z{r{ami{R{m))) = I{G{ria)mm))) 

w(g'(r(ai)),...,g'(r(a„)))(i?(m)) =/(L.(G(r(ai),...,G(r(a„)))(fi(™))) 
Therefore, (i, /) is morphism of representations G and g (the statement (8) of the 
theorem). 



18 



2. Representation of Universal Algebra 



To prove the statement (9) of the theorem we need to show that defined in 
the proof representation g' is congruent with representation g, and operations over 
transformations are congruent with corresponding operations over * N . 



g\i{r{a))){I{R{m))) = I{G{r{a)){R{m))) 

= /(G(tO-(«)))(T(J(m)))) 
= /T(F(j(a))(J(m))) 
= ITJif{a)im)) 
= i?(/(a)(m)) 
= .g(r(a))(i?(m)) 



by (2.2.41) 

by (2.2.15), (2.2.19) 

by (2.2.34) 

by (2.2.29) 

by (2.2.17) 

by (2.2.3) 



w(G(r(ai)), Giria^MRim)) = T(c.(^^(j(ai), F(j(a„)))( J(m))) 

= T{F{u;{j{a,), ...,j{anmJ{m))) 
^T{F{j{u{a,,...,a^))){J{m))) 
= T{J{f{u;{ai,...,an)){m))) 



□ 



Definition 2.2.16. Let 



f ■.A^*M 



be representation of Sli-algebra A, 

be representation of ili-algebra B. Let 

r : A *- B R : M ■ 



N 



be morphism of representations from / into g such that / is isomorphism of f2i-al- 
gebra and g is isomorphism of J72-algebra. Then map (r, R) is called isomorphism 
of repesentations. □ 

Theorem 2.2.17. In the decomposition (2.2.21), the map {t,T) is isomorphism of 
representations F and G. 

Proof. The statement of the theorem is corohary of definition 2.2.16 and 
statements (6) and (7) of the theorem 2.2.15. □ 

From theorem 2.2.15 it follows that we can reduce the problem of studying of 
morphism of representations of ili-algebra to the case described by diagram 

(2.2.42) 
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Theorem 2.2.18. We can supplement diagram (2.2.42) with representation Fi of 
fli-algebra A into set M/S such that diagram 



(2.2.43) 




M/S 



FUia)) 



M/S 



is commutative. The set of transformations of representation F and the set of 
transformations of representation Fi coincide. 

Proof. To prove theorem it is enough to assume 

F,{a) ^ F{j{a)) 

Since map j is surjection, then ImFi = ImF. Since j and F are homomorphisms 
of fii-algebra, then Fi is also homomorphism of fii-algebra. □ 

Theorem 2.2.18 completes the series of theorems dedicated to the structure of 
morphism of representations ili-algebra. From these theorems it follows that we 
can simplify task of studying of morphism of representations ili-algebra and not 
go beyond morphism of representations of form 

id: A- 



■A 



R: M- 



■N 



In this case we identify morphism of (id, R) representations of fJi-algebra and map 
R. We will use diagram 




9(a) 



to represent morphism (id, R) of representations of 17i-algebra. From diagram it 
follows 

(2.2.44) Rof{a)^g{a)oR 

By analogy with definition 2.2.11. we give following definition. 

Definition 2.2.19. We define category T A T*-representations of Qi-edge- 

bra A. T*-representations of f^i-algebra A are objects of this category. Morphisms 
{id, R) of r*-representations of 51i-algebra A are morphisms of this category. □ 
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2.3. Automorphism of Representation of Universal Algebra 
Definition 2.3.1. Let 

f : A^*M 

be representation of fli-algebra A in il2-algebra M. The morphism of representa- 
tions of r^i-algebra 

{r : A-^ A,R: M M) 
such, that r is endomorphism of fii-algcbra and R is cndoniorphism of r22-a'lgebra 
is called endomorphism of representation /. □ 

Definition 2.3.2. Let 

f:A^*M 

be representation of fii-algcbra A in ri2-algcbra A/. The morphism of representa- 
tions of r^i-algcbra 

{r : A^ A,R: M M) 
such, that r is automorphism of fii-algebra and R is automorphism of 02-algebra 
is called automorphism of representation /. □ 

Theorem 2.3.3. Let 

f : A^*M 

be representation of ^i-algebra A in fl2-algebra M. The set of automorphisms of 
the representation f forms loop 2l(/) .^'^ 

Proof. Let {r,R), {p,P) be automorphisms of the representation /. Accord- 
ing to definition 2.3.2 maps r, p are automorphisms of f2i-algebra A and maps i?, 
P are automorphisms of f22-algebra M. According to theorem II. 3. 2 ([8], p. 57), 
the map rp is automorphism of fii -algebra A and the map RP is automorphism 
of 02-algcbra M. From the theorem 2.2.10 and the definition 2.3.2, it follows that 
product of automorphisms (rp, RP) of representation / is automorphism of the 
representation /. 

Let (r, R) be an automorphism of the representation /. According to definition 
2.3.2 the map r is automorphism of J7i-algebra A and the map R is automorphism 
of ri2-algebra M. Therefore, the map r~^ is automorphism of fii-algebra A and 
the map R~^ is automorphism of r22-algebra M. The equation (2.2.4) is true 
for automorphism {r,R). Assume a' ~ n^' = R{m). Since r and R are 

automorphisms then a ~ r~^(a'), m = R^^{m') and we can write (2.2.4) in the 
form 

(2.3.1) R{f{r-\a')){R-\m'))) = g{a'){m') 

Since the map R is automorphism of r22-algebra M, then from the equation (2.3.1) 
it follows that 

(2.3.2) f{r-'(a'mR-\m')) = R~\g{a'){m')) 

The equation (2.3.2) corresponds to the equation (2.2.4) for the map {r^^ , R^^). 
Therefore, map {r~^,R~^) of the representation /. □ 

^•^Look [4], p. 24, [3] for definition of loop. 
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Remark 2.3.4. It is evident that the set of automorphisms of i7i-algebra A also 
forms loop. Of course, it is attractive to assume that the set of automorphisms 
forms a group. Since the product of automorphisms / and g is automorphism fg, 
then automorphisms {fg)h and f{gh) arc defined. However, it does not follow from 
this statement that 

if9)h = f{gh) 

□ 

2.4. Representation of Group 

Group is among few algebras that allow somebody to consider the product of 
transformations of the set M in such a way that, if transformations belong to the 
representation, then their product also belongs to the representation. In case of 
group representation we can define homomorphism (2.1.1) either as 

f{ab) = f{a) o /(&) 

or as 

f{ab) = f{b) o /(a) 

We should remember that order of maps in product depends on order of maps on 
diagram and how these maps act over elements of the set (from left or from right). 

Definition 2.4.1. Let *M be a group and 6 be unit of group *M. Let G be group. 
We call a homomorphism of group 

(2.4.1) f:G^*M 

covariant r*-representation of group G in set M if map / holds 

(2.4.2) f{ab)u = f{a){f{b)u) 

□ 

Remark 2.4.2. Since map (2.4.1) is homomorhism, then 

(2.4.3) fiab)u = {f{a)f{b))u 
We use here convention 

fia)fib)^fia)of{b) 
Thus, the idea of covariant representation is that we multiply elements of group in 
the same order as we multiply transformations of representation. From equations 
(2.4.2) and (2.4.3) it follows 

(2.4.4) {f{a)fib))u^fia)if{b)u) 

Equation (2.4.4) together with associativity of product of transformations expresses 
associative law for covariant r*-representation. This allows writing of equa- 
tion (2.4.4) without using of brackets 

f{ab)u = f{a)f{b)u 

□ 
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Definition 2.4.3. Let *M be a group and i5 be unit of group *M. Let G be group. 
We call an antihomomorphism of group 

f ■.G^*M 

contravariant r*-representation of group G in set Af if map / holds 

(2.4.5) f{ba)u^f{a){f{b)u) 

□ 

Definition 2.4.4. Let M* be a group and 5 be unit of group M*. Let G be group. 
We call map 

(2.4.6) f -G ^ M* 

covariant *T-representation of group G in set AI if map / holds 

(2.4.7) ufiab) - {uf{a))f{b) 

□ 

Remark 2.4.5. Since map (2.4.6) is homomorhism, then 

(2.4.8) ufiab) = u{fia)f{b)) 
From equations (2.4.7) and (2.4.8) it follows 

(2.4.9) {fia)f{b))u = {uf{a))f{b) 

Equation (2.4.9) together with associativity of product of transformations expresses 
associative law for covariant *T-representation. This allows writing of equa- 
tion (2.4.9) without using of brackets 

uf{ab) ^ uf{a)f{b) 

□ 

Definition 2.4.6. Let M* be a group and S be imit of group M*. Let G be group. 
We call map 

f -.G^ M* 

contravariant T^T-representation of group G in set M if map / holds 

(2.4.10) ufiab) = {uf{a))f{b) 

□ 

Definition 2.4.7. We call the transformation 

t: AI ^ M 

nonsingular transformation, if there exists inverse map. □ 

Theorem 2.4.8. For any g ^ G transformation is nonsingular and satisfies equa- 
tion 

(2.4.11) fig-') = fig)-' 

Proof. Since (2.4.5) and 

/(e) = 5 

we have 

u = 5iu) = f{gg-')iu)^fig)ifig-')iu)) 
This completes the proof. □ 
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Theorem 2.4.9. The group operation determines two different representations on 
the group: 

• The left or r*-shift 

2.4.12) ^ ' 

^ ' b' ^t^{a){b)^ab 

is covariant T-k -representation 
(2.4.13) t^ab) = t^{a) o t^b) 

• The right or ^T-shift *t 

b' = b A(a) ~ ba 

f2 4 14) 

^ ■ ' ^ 6' = J{a){b) ba 

is covariant -kT -representation 
(2.4.15) ^t{ab) = J{a) o J{b) 

Proof. T*-shift is not a representation of group in a group, because the trans- 
formation ti, is not a homomorphism of group. Tik-shift is the representation of the 
group in the set which is carrier of this group. Similar remark is true for *T-shift. 

Equation (2.4.13) follows from associativity of product 

t^aby = {ab)c = a{bc) = t^{a){t^{b)c) = (t^ia) o t^{b))c 
In a similar manner wc prove the equation (2.4.15). □ 
Theorem 2.4.10. Let T-k-representation 

u' = J{a)u 

be contravariant T-k-representation. Then T* -representation 

u' — h{a)u = f{a^^)u 
is covariant T-k-representation. 

Proof. Statement follows from chain of equations 

h{ab) = /((a6)-i) = f{b-'a-') = f{a-')f{b-^) = h{a)h{b) 

□ 

Remark 2.4.11. If we suppose the choice of a side to place the operator of repre- 
sentation on is arbitrary, we can get the impression we may not go beyond explo- 
ration either r*-representations or covariant representations. Section [5]-5.2 serves 
as good illustration that different forms of representation are essential. When we 
need to show the order of factors we will use operational notation. Theorems 2.5.12, 
2.5.15 are examples when functional notation has advantage. □ 

Definition 2.4.12. Let / be T*-representation of the group G in set M . For any 
V G AI we define orbit of T*-representation of the group G as set 

fiG)v = {w = f{g)v -.geG} 

□ 



Since /(e) ~ S wc have v £ f{G)v. 
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Theorem 2.4.13. Suppose 

(2.4.16) V e f{G)u 
Then 

f{G)u = f{G)v 

Proof. From (2.4.16) it follows that there exists a £ G such that 

(2.4.17) V = f{a)u 
Suppose w e f{G)v. Then there exists h £ G such that 

(2.4.18) w = f{b)v 
If we substitute (2.4.17) into (2.4.18) we get 

(2.4.19) w = f{h){f{a)u) 

Since (2.4.2), we see that from (2.4.19) it foUows that w G f{G)u. Thus 

f{G)v C f{G)u 
Since (2.4.11), we see that from (2.4.17) it follows that 

(2.4.20) f{a)-^v = f{a-^)v 
From (2.4.20) it follows that u e f{G)v and therefore 

f{G)u C f{G)v 

This completes the proof. □ 

Thus, r*-representation / of group G in set AI forms equivalence S and the 
orbit f{G)u is equivalence class. We wiU use notation M/f(G) for quotient set 
M/S and this set is called space of orbits of r*-representation /. 

Theorem 2.4.14. Suppose fi is T-k-representation of group G in set Mi and ji 
is T-k -representation of group G in set M2. Then we introduce direct product of 
T*-representations /i and /2 of group 

/ = /i X /2 : G ^ Ml ® M2 

/(.9) = (/i(5),/2(5)) 

Proof. To show that / is a representation, it is enough to prove that / satisfies 
the definition 2.4.1. 

/(e)-(/i(e),/2(e)) = (5i,<52)=J 
f{ab)u = (/i(a&)wi,/2 (06)^2) 

= (/i(a)(/i(fe)wi),/2(a)(/2(6)u2)) 
= f{a){fi{b)uij2{b)u2) 
= f{a){f{b)ii) 

□ 
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2.5. Single Transitive r*-Representation of Group 

Definition 2.5.1. We call kernel of inefficiency of T*-representation of 
group G a set 

Kf = {g^G: fig) = S} 

□ 

Theorem 2.5.2. A kernel of inefficiency of the T-k-representation of group G is a 
subgroup of the group G. 

Proof. Assume /(ai) = 5 and /(a2) = 5. Then 

f{aia2)u = f(ai){f{a2)u) = u 

f{a-')^f~\a) = 6 

□ 

Theorem 2.5.3. T-k-representation of the group G is eff"ective iff kernel of inef- 
ficiency Kf = {e}. 

Proof. Statement is corollary of definitions 2.1.8 and 2.5.1 and of the theorem 
2.5.2. □ 

If an action is not cfi'ective we can switch to an efi'cctivc one by changing group 
Gi = G\Kf using factorization by the kernel of inefficiency. This means that we 
can study only an effective action. 

Definition 2.5.4. Consider T*-representation / of group G in set M. A Ititle 
group or stability group of x e M is the set 

G., = {geG: f{g)x = x} 

T*-representation / of group G is said to be free, if for any x & M stability 
group Gx = {e}. □ 

Theorem 2.5.5. Given free T-k-representation f of group G in the set A, there 
exist 1 — 1 correspondence between orbits of representation, as well between orbit of 
representation and group G. 

Proof. Given a e A there exist gi, g2 & G 
(2.5.1) /(.gi)a = f{g2)a 

We multiply both parts of equation (2.5.1) by /(,9f ^) 

Since the representation is free, 171 — g2- Since we established 1 — 1 correspondence 
between orbit and group G, we proved the statement of the theorem. □ 

Definition 2.5.6. We call a space V homogeneous space of group G if we have 
single transitive r*-reprcsentation of group G onV . □ 

Theorem 2.5.7. If we define a single transitive covariant representation f of the 
group G on the manifold A then we can uniquely define coordinates on A using 
coordinates on the group G. 

If f is a covariant T-k-representation than f{a) is equivalent to the T-k-shift 
ti,{a) on the group G. If f is a covariant -kT -representation than f{a) is equivalent 
to the -kT-shift i,t{a) on the group G. 
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Proof. We select a point v ^ A and define coordinates of a point w G A as 
coordinates of a E G such tliat w ~ f{a)v. Coordinates defined tliis way are unique 
up to choice of an initial point v E A because the action is effective. 

If / is a covariant T*-reprcscntation we will use the notation 

f{a)v — av 

Because the notation 

f{a){f{b)v) = a{bv) = {ab)v = f{ab)v 

is compatible with the group structure we see that the covariant T*-representation 
/ is equivalent to the r*-shift. 

If / is a covariant *T-representation we will use the notation 

vf{a) — va 

Because the notation 

{vf{b))f{a) = {vb)a = v{ba) = vf{ba) 

is compatible with the group structure we see that the covariant ★T-rcprcscntation 
/ is equivalent to the Tk-T-shift. □ 

Remark 2.5.8. We will write effective TTkr-covariant representation of the group G 
as 

v' = ti,(a)v — av 

Orbit of this representation is 

Gv = U{G)v 

We will use notation M/t^{G) space of orbits of effective r*-covariant representa- 
tion of the group. □ 

Remark 2.5.9. We will write effective ★T-covariant representation of the group G 
as 

v' = V *i(a) = va 

Orbit of this representation is 

vG = V J{G) 

We will use notation AI/^,t{G) for the space of orbits of effective ★T-covariant 
representation of the group. □ 

Theorem 2.5.10. Free T-k-representation is effective. Free T-k-representation f of 
group G in set M is single transitive representation on orbit. 

Proof. The statement of theorem is the corollary of definition 2.5.4. □ 

Theorem 2.5.11. T*- and -kT-shifts on group G are commuting. 

Proof. This is the consequence of the associativity on the group G 

(t^(a) o ^t{b))c = a{cb) ^ {ac)b = (*t(&) o t^{a))c 

□ 

Theorem 2.5.11 can be phrased n the following way. 

Theorem 2.5.12. Let G be group. For any a eG, the map {id,t-^{a)) is automor- 
phism of representation ^t. 
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Proof. According to theorem 2.5.11 
(2.5.2) Uia)o^tib)^^tib)oUia) 

Equation (2.5.2) coincides with equation (2.2.3) from definition 2.2.2 when r = id, 
R = t4a). □ 

Theorem 2.5.13. Suppose we defined a single transitive covariant T-k-representa- 
tion f of the group G on the manifold M . Then we can uniquely define a single 
transitive covariant -kT -representation h of the group G on the manifold M such 
that diagram 

h{a) 



M- 



M 



fib) 



fib) 



M- 



h{a) 



M 



is commutative for any a, b E G.^'^ 

Proof. We use group coordinates for points v G M. Then according to theo- 
rem 2.5.7 we can write the left shift t^,{a) instead of the transformation /(a). 
Let points vq,v € M . Then we can find one and only one a £ G such that 

V = voa = vq i,t{a) 

We assume 

h{a) = i,t{a) 

For some b E G we have 

^"0 = f{b)vo = t^{b)vo w = f{b)v = t^{b)v 
According to theorem 2.5.11 the diagram 



(2.5.3) 



^^0 



h{a)— *i(a) 



f{b)=U{b) 



fib)=Uib) 



Wo ■ 



h(a)— j,t{a) 



is commutative. 

Changing b we get that wq is an arbitrary point of M . 

We see from the diagram that if vq = v than wo = w and therefore h{e) — S. 
On other hand if vo ^ v then wq ^ w because the T*-representation / is single 
transitive. Therefore the ★T-representation h is effective. 

In the same way we can show that for given wq we can find a such that w — 
h(a)wo- Therefore the ★T-representation h is single transitive. 

In general the product of transformations of the r*-representation / is not 
commutative and therefore the ★T-representation h is different from the r*-repre- 
sentation /. In the same way we can create a Tt^t- representation / using the Tk-T- 
representation h. □ 

Representations / and h arce call twin representations of the group G. 



'•■^You can sec this statement in [2]. 
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Remark 2.5.14. It is clear that transformations i+(a) and ^t(a) are different until 
the group G is nonabelian. However they both are maps onto. Theorem 2.5.13 
states that if both -kT- and r*-shift presentations exist on the manifold M we can 
define two commuting representations on the manifold M . The ★T-shift or the T*- 
shift only cannot represent both types of representation. To understand why it 
is so let us change diagram (2.5.3) and assume h{a)vo = t*(a)vo = v instead of 
h{a)vQ = voi,t{a) = v and let us see what expression h{a) has at the point wq. The 
diagram 

h{a)—t^ (a) 



f{b)=t,{b) 



Wo . 



is equivalent to the diagram 



h{a) 



h{a)=tt,{a) 



Wo ■ 



h{a) 



and we have w = bv = bavQ = bab^^wo- Therefore 

h{a)wo = {bab~^)wQ 
We see that the representation of h depends on its argument. 



□ 



Theorem 2.5.15. Let f and h be twin representations of the group G. For any 
a€G the map {id,h{a)) is automorphism of representation f. 

Proof. The statement of theorem is corollary of theorems 2.5.12 and 2.5.13. 

□ 

Remark 2.5.16. Is there an automorphism of representation different from 
automorphism (id, ^t(a))? If we assume 

rig) = cgc~^ 
R[a)[m) = cmac^^ 

then it is easy to see that the map (r, R{a)) is automorphism of the representation 
t*. □ 

2.6. Basis of T*-representation 

Definition 2.6.1. Let 

/ : A -> *M 

be representation of fii-algcbra A in f72-algebra AI. The set C M is called 
stable set of representation /, if f{a){m) G N for each a £ A, m ^ N . □ 

We also say that the set M is stable with respect to the representation /. 
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Theorem 2.6.2. Let 

f : A^*M 

he representation of ^i-algebra A in U,2-algebra M . Let set N G M be subalgebra of 
f22-a^5e&ra M and stable set of representation f. Then there exists representation 

fN:A^*N 

such that /at (a) = /(a)|jv- Representation fjq is called subrepresentation of 
representation /. 

Proof. Let wi be n-ary operation of fii-algebra A. Then for each ai, 
a„ G A and each b ^ N 

^i{fN{ai), fN{an)){b) = wi(/(ai), f{an)){b) 

= f{^i{ai, ■■■,an)){b) 

= fN{(^i{ai, ■■■,an)){b) 

Let UJ2 be n-ary operation of il2-algebra M. Then for each bi, 6„ G N and each 
a e A 

0J2ifNia){bi), /Ar(a)(5„)) = ^2(/(a)(6i), 

= f{a){iV2{bl,...,bn)) 

= fN{a){uJ2{bi, ...,bn)) 
We proved the statement of theorem. □ 

From the theorem 2.6.2, it follows that if /at is subrepresentation of represen- 
tation /, then the map {id : A ^ A, idn ■ N — >■ M) is morphism of representations. 

Theorem 2.6.3. The set~''^ Bf of all subrepresentations of representation f 
generates a closure system on Q2-o-lgebra M and therefore is a complete lattice. 

Proof. Let (A"A)AeA be the set off subalgebras of r22-algebra M that are stable 
with respect to representation /. We define the operation of intersection on the set 
Bf according to rule 

n fxx = fr\Kx 

We difined the operation of intersection of subrepresentations properly. C\K\ is 
subalgebra of J72-algebra M . Let m G ^K\. For each A G A and for each a G A, 
f{a){m) G K\. Therefore, f{a){m) G riK\. Therefore, riK\ is the stable set of 
representation /. □ 

We denote the corresponding closure operator by J/. Thus Jf{X) is the 
intersection of all subalgebras of 572-algebra AI containing X and stable with respect 
to representation /. 

Theorem 2.6.4. Let^-^ 

f : A^*M 

^•^This definition is similar to definition of tlie lattice of subalgebras ([8], p. 79, 80) 
^■'^The statement of theorem is similar to the statement of theorem 5.1, [8], p. 79. 
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be representation of fli-algebra A in U,2-algebra M. Let X C M. Define a subset 
Xk d M by induction on k. 

Xo = X 

X eXk=> X e Xk+i 
xi e Xk, .■■,x„ e Xk,uj e => uj{xi, ...,.t„) e Xk+i 
X e Xk,a e A=> f{a){x) e X^+i 

Then 

oo 

\JXk = Jf{X) 

Proof. If we put U ~ UXk, then by definition of Xk, we have Xq C Jf{X), 
and if Xk C Jf{X), then Xk+i C Jf{X). By induction it follows that Xk C Jf{X) 
for all k. Therefore, 

(2.6.1) UciJf(X) 

If a e C/", a = (ai,...,a„), where S ^fci, and if fc = maxjfci, fc„}, then 
a;(ai, ...,a„) G Xk+i C C/. Therefore, U is subalgebra of 172-algcbra M. 

If m G J7, then there exists such k that m G Xk- Therefore, f{a){m) G X^+i C 
U for any a G A. Therefore, U is stable set of the representation /. 

Since U is subalgebra of r22-algebra M and is a stable set of the representation 
/, then subrepresentation fjj is defined. Therefore, 

(2.6.2) Jf{X) C U 

From (2.6.1), (2.6.2), it follows that Jf{X) = U. □ 

Definition 2.6.5. Jf{X) is called subrepresentation generated by set X , and 
X is a generating set of subrepresentation Jf(X). In particular, a generating 
set of representation / is a subset X C AI such that Jf{X) = M. □ 

Definition 2.6.6. Let X C M he generating set of representation 

/ : *M 

Let the map 

{h: A,H : M ^ M) 
is endomorphism of the representation /. Let the set X' = HX be the image of 
the set X under the map H. Endomorphism (/i, H) of representation / is called 
regular on generating set X, if the set X' is the generating set of representa- 
tion /. Otherwise, endomorphism of representation {h,H) is called singular on 
generating set X, □ 

Definition 2.6.7. Endomorphism of representation / is called regular, if it is 

regular on every generating set. □ 

It is easy to see that the definition of generating set of representation does not 
depend on whether representation is effective or not. For this reason hereinafter 
we will assume that the representation is effective and we will use convention for 
effective r*-representation in remark 2.1.9. 

From theorem 2.6.4, it follows next definition. 

Definition 2.6.8. Let X C M. For each x G Jf{X) there exists f22-word defined 
according to following rule. 
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(1) If m G X , then m is r22-word. 

(2) If mi, run are ri2-words and uj G Q2{n), then ?7ii...mna; is ri2-word. 

(3) If m is r22-word and a € A, then am is f22-word. 

ri2-word w{m, f.X) that represent given element to g Jf{X) is called coordi- 
nates of element to relative to set X. Denote W^(/, X) the set of coordi- 
nates of representation Jf{X). □ 

Representation of to G M in form of n2-word is ambiguous. If toi, to„ 
are r22-words, ui G fl2in) and a G A, then f22-words ami...mnUJ and ami...amnUi 
describe the same element of r22-algebra M . It is possible that there exist equations 
related to specific character of representation. For instance, if w is operation of VLi- 
algebra A and operation of f22-algebra M, then we require that f22-words ai...a„a;a; 
and aix...anxuj describe the same element of fi2-algebra M. Listed above equations 
determine equivalence on the set of r22-words Mo^ . 

Theorem 2.6.9. Endomorphism (r, R) of representation 

f : A^*M 

generates the map of coordinates 

wif,r,R,X):W{f,X)^Wif,X') XcM X' = R{X) 

such that 

(1) // m <E X, m' = R{m), then 

'w{f, r, R, X){m) = to' 

(2) // 

TOl,...,TO„ G Wf{X) 

m[ ^ w{f,r,R,X){mi) ... m'^ = w{f,r, R, X){mn) 
then for operation uj G ^2{n) holds 

w{f,r,R,X){mi...mnLo) — m'i...m[^LO 



(3) // 



the 



TO G W{f, X) to' = r, R, X)(rn) 
a G A a' = r[a) 

'w{f, r, R, X){am) — a'm! 



Proof. Statements (1), (2) of the theorem arc true by definition of the cndo- 
morpism R. The statement (3) of the theorem follows from the equation (2.2.4). □ 

Theorem 2.6.10. Let 

f : A-^*M 

be representation of fli-algebra A in Cl2-o.lgebra M. Let map 

r : A-^ A 

be endomorphism of fli-algebra A. For given sets X C M, X' C M let map 

Ri-.X^X' 
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agree with the structure of ^2- algebra M, i. e. for given operation co S n2{n), if 

Xi, ...,X„,Xi...X„UJ g X 

then Ri{xi...XnUj) — Ri{xi) . . .Ri{xn)Lo . Let us consider the map of coordinates 

wir,R,,X):Wif,X)^Wif,X') 
that satisfies conditions (1), (2), (3) of theorem 2.6.9. There exists endomorphism 

R:M^M 

defined by rule 

(2.6.3) i?(m) = wif,r,Ri,X){wim,f,X)) 

and the map {r, R) is morphism of representations Jf{X) and Jf{X'). 

Proof. We prove the theorem by induction over complexity of i72-word. 
If w{m, /, X) = m, then m € X. According to condition (1) of theorem 2.6.9, 

R{m) = w{r,Ri,X){w{m,X)) = w{r,Ri,X){m) ^ Ri{m) 

Therefore, maps R and Ri coinside on the set X, and the map R agrees with 
structure of ri2-algebra. 

Let Lo £ VL2{n). Let the statement of induction be true for mi, m„ € Jf{X). 
Let wi = w{mi, X), Wn = w(m„,X). If m = mi...m„cj, then according to 
condition (2) of definition 2.6.8, 

w{m,f,X) = Wi...WniO 

According to condition (2) of theorem 2.6.9, 

R{m) ~ w{r, Ri, X){w{m, X)) = w{r, Ri, X){wi...WnU!) 

= wir, Ri,X){wi)...w{r, i?i,X)(w„)a; 

= R{mi)...R{mn)uj 

Therefore, the map R is endomorphism of J72-algebra M . 

Let the statement of induction be true for m £ Jf{X), w{m,X) ~ Let 
a € A. According to condition (3) of definition 2.6.8, 

w{am, X) = awm 

According to condition (3) of theorem 2.6.9, 

R{am) ~ w{r, Ri,X)(w(am, X)) = w{r, X){aWm) 

^ r{a)w{r, Ri, X){wra) = r{a)R{m) 

From equation (2.2.4) it follows that the map (r, R) is morphism of the represen- 
tation /. □ 

Theorem 2.6.11. Automorphism {r, R) of representation 

f : A^*M 

is regular endomorphism. 
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Proof. Let X be generating set of representation /. Let X' ~ R{X). 
According to theorem 2.6.9 endomorphisni (r, R) forms the map of coordinates 
«;(/,r,i?,X). 

Let m! G M . Since R is automorphism, then there exists m G A/, R{m) = m' . 
According to definition 2.6.8, w{m^X) is coordinates of m relative to generating 
set X. According to theorem 2.6.10, 

w{m', X') = w{f, r, R, X){w{m, X)) 

is coordinates of m' relative to generating set X'. Therefore, X' is generating set of 
representation /. According to definition 2.6.7, automorphism (r, R) is regular. □ 

If the set X C M is generating set of representation /, then any set Y, X C 
Y C M also is generating set of representation /. If there exists minimal set X 
generating the representation /, then the set X is called basis of representation 
/• 

Theorem 2.6.12. The generating set X of representation f is basis iff for any 
m £ X the set X \ {to} is not generating set of representation f . 

Proof. Let X be generating set of representation /. Assume that for some 
TO G AT there exist word 

(2.6.4) w = w{mJ,X\{m}) 
Consider element m' such that it has word 

(2.6.5) w' = w{m'J,X) 

that depends on to. According to the definition 2.6.8, any occurrence of to into 
word w' can be substituted by the word w. Therefore, the word w' does not depend 
on TO, and the set X \ {to} is generating set of representation /. Therefore, X is 
not basis of representation /. □ 

Remark 2.6.13. The proof of the theorem 2.6.12 gives us effective method for 
constructing the basis of the representation /. Choosing an arbitrary generating 
set, step by step, we remove from set those elements which have coordinates relative 
to other elements of the set. If the generating set of the representation is infinite, 
then this construction may not have the last step. If the representation has finite 
generating set, then we need a finite number of steps to construct a basis of this 
representation. 

As noted by Paul Cohn in [8], p. 82, 83, the representation may have inequiv- 
alent bases. For instance, the cyclic group of order six has bases {a} and {a'^,a^} 
which we cannot map one into another by endomorphism of the representation. 

Theorem 2.6.14. Automorphism of the representation f maps a basis of the rep- 
resentation f into basis. 

Proof. Let the map (r, R) be automorphism of the representation /. Let the 
set X be a basis of the representation /. Let X' = R{X). 

Assume that the set X' is not basis. According to the theorem 2.6.12 there 
exists such to' G X' that X'\{x'} is generating set of the representation /. Accord- 
ing to the theorem 2.3.3 the map {r~^,R~^) is automorphism of the representation 
/. According to the theorem 2.6.11 and definition 2.6.7, the set X \ {to} is gen- 
erating set of the representation /. The contradiction completes the proof of the 
theorem. □ 
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Let X be the basis of the representation /. According to theorems 2.6.9, 
2.6.10, the automorphism {r,R) of the representation / is uniquely defined by map 
of coordinates w{f, r, R, X). Let X' = R{X) be the image of the basis X under the 
map R. According to the theorem 2.6.14, the set X' is a basis of the representation 
/• 

Definition 2.6.15. Let X be the basis of the representation / and Y C M. The 

map 

V:X^W{f,Y) 
and the cndomorphism r of 5^-algcbra A generate a map 

W{r,V) : W{f,X)-^W{f,Y) 
determined according to following rules. 

(1) limeX, then 

(2.6.6) W{r,V){m) = V{m) 

(2) If mi, TO„ £ M . then for operation G Vt2{n) holds 

.2 g 7^ W{r,V){w{m,J,X)...w{^^.I.X)u:) 

=W{T,V){w{miJ,X))...W{r,V){w{m^J,X))Lo 

(3) If m e M, a e A, then 

(2.6.8) Wir, V)iaw{m, /, X)) = r(a)M^(r, F)(u;(m, /, X)) 

□ 

Theorem 2.6.16. Let X be the basis of the representation f. For given automor- 
phism (r, R) of the representation f , let us consider the map 

V{r, R):xeX^ w{R{x), /, X) 6 W{f, X) 

Automorphism (r, R) of representation generates the map of coordinates 

(2.6.9) W{f, r, R, X)(u;(m, /, X)) = Wir, V)iw{m, /, X)) 
which satisfies to equation 

(2.6.10) W{f, r, i?, X)iwim, /, X)) = w{R{m), /, X) 

Proof. We prove the theorem by induction over complexity of f22-word. 
li m E X, then 

(2.6.11) w{m,f,X) = m 

Equation (2.6.10) follows from equations (2.6.11), (2.6.9), (2.6.6). 

Let statement of theorem is true for mi, rrin € M. Let uj G fl2in). If 
m G M, m = 77ii...m„w, then from condition (2) of definition 2.6.8 and equation 
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(2.6.7), it follows 

W{f,r,R,X){w{mJ,X)) 
=Wif, r, R, X){w{mi,f, X)...w{mn, f, X)uj) 
=W{r, V){wimiJ, X)...u;(to„, /, X)io) ^ 

(2.6.12) ^W{r, V){w{muf, X))...W{r, V){w{m^J, X))uj 

=Wif, r, R, X){w{mi,f, X))...Wif, r, R, X)(u;(m„, /, X))lu 

=w{R{m,), /, X)...«;(i?(m„), /, X)io 

=w(R(mi...mnLL>), f,X) = w{R{m), f,X) 

Equatfon (2.6.10) follows for given m from equation (2.6.12). 

Let statement of theorem is true for mi S M. Let a e A. From condition (3) 
of definition 2.6.8 and equation (2.6.8), it follows 

Wif,r,R,X){wiamJ,X)) 

=Wif,r,R,X){aw{mJ,X)) 

=W{r, V){aw{mJ,X)) 

(2.6.13) =r{a)W{r,V){w{m,f,X)) 
=ria)W{f,r,R,X){w{m,f,X)) 
=r{a)w{R{m), /, X) = w{r{a)R{m), f, X) 
=w{R{am)J,X) 

Equation (2.6.10) follows for am from equation (2.6.13). □ 

From the theorem 2.6.16, it follows that the set of coordinates w{f,X){r,R) 
determines the rule how coordinates change relative to the basis X under automor- 
phism of the representation /. Namely, if we replace each occurrence of element 
X £ X in the word 'w{m, f,X) by the word w{R{x), f, X)^ then we get the word 
w(i?(m), /, X). The set of words 

w{f,X){r,R) = {wix'J,X) : x' G i?(X)} = {w{R{x)J,X) : x E X} 

is called coordinates of automorphism (r, R) of representation /. 

2.7. Basis Manifold of Representation 

The set B{f) of bases of representation / is called basis manifold of rep- 
resentation /. 

According to theorem 2.6.14, automorphism {id, R) of representation / gener- 
ates transformation R{f) of the basis manifold of representation. This transforma- 
tion is called active. According to theorem 2.3.3, we defined active representa- 
tion 

h : 2t(/) ^ *B{f) 
of loop 2t(/) in basis manifold 13{f). 

Automorphism (id, S) of representation fg is called passive transformation 
of the basis manifold of representation. 

Theorem 2.7.1. Let (id, S) be passive transformation of the basis manifold of the 
representation f. Let X be the basis of the representation f, X' = S(X). For 
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basis Y, let there exists an active transformation R such that Y = R(X). Assume 
Y' = R{X'). ThenS{Y) = Y'. 

Proof. The theorem states that a passive map is defined on the orbit of the 
active representation. To prove the theorem it is enough to prove commutativity 
of the diagram 

B{f) ^B{f) 



■Bif) 



□ 



2.8. Few Applications of Basis of Representation 

Example 2.8.1. Consider the vector space V over the field F. Given the set 
of vectors ei, e„ , according to algorithm of construction of coordinates over 
vector space, coordinates include such elements as ei +62 and aei. Recursively 
using rules, contained in the definition 2.6.8, we conclude that the set of vectors 
ei, e„ generates the set of linear combinations 



a^ei 



+ a e„ 



According to the theorem 2.6.12, the set of vectors ei, e„ is a basis if for any i, 
i = 1, n, vector is not linear combination of other vectors. This requirement 
is equivalent to the requirement of linear independence of vectors. □ 

Example 2.8.2. Let G be Abelian group, and M be a set. Let us consider effective 
representation of group G on the set M. For given a & G, A Q AI we assume 

A ^ A + a. We also use notation a = AB ii B ^ A + a. Then we can represent 

action of group as B = A + AB. We can select for basis of the representation the 
set of points such that one and only one points belongs to each orbit. □ 
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Tower of Representations of Universal Algebras 

3.1. Tower of Representations of Universal Algebras 

Let us consider set of ili-algcbras Ai, i = 1, n. Assume A = (Ai, 
Assume / = (/i,2, /„-!,„)■ 

Definition 3.1.1. Consider set of fii-algebras Ai, i = 1, n. Set of representa- 
tions i = 1, n — 1, of fii-algcbra Ai in fii+i-algcbra ^i+i is called tower 
{A, f) of representations of il-algebras. □ 

Let us consider following diagram for the purposes of illustration of definition 
3.1.1 

/i+i,i+2(/i,i + l(ai)(ai + i)) 



(3.1.1) 




A, 

fi^i+i is representation of fi^-algebra Ai in -algebra Ai^i. fi^i^i^2 is represen- 
tation of Oi+i-algebra Ai+i in r2i+2-a'lgebra Ai^2- 

Theorem 3.1.2. The mapping 

fi,i+2 ■ Ai — !■ **Ai-^2 

is representation of Qi-algebra Ai in Qi-^-i-algebra * Ai+2- 

Proof. Automorphism /j_|_i i_|_2(ai_|_i) G *Ai+2 corresponds to arbitrary Oi+i S 
Ai^i. Automorphism /i,i+i(ai) S *Ai+i corresponds to arbitrary g Ai. Since 
fi,i+i{0'i){0'i+i) G Ai^i is image of Oj+i G Ai^i, then element G Ai generates 
transformation of fii+i-algebra * Ai^2 which is defined by equation 

(3.1.2) /i,i+2(ai)(/i+i,i+2(aj+i)) = /i+i,j+2(/i,j+i(aj)(ai+i)) 
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Let w be n-ary operation of ili-algebra. Because is homomorphism of 

rii-algebra, then 

(3.1.3) /i,j+i(w(ai,i, ...,ai,„)) = uj{fi.i+i{ai^i), /,;,i+i(ai,„)) 

For Oi, a„ G Ai we define operation cj on the set **Ai^2 using equations 

^{.fi.i+2{a.i.l)ifi+l.i+2{ai+l)), fi,i+2{o.i.n){fi+l,i+2{ai+l))) 

(3.1.4) = a;(/j+i,i+2(/i,i+i(ai,i)(«j+i))' fi+l,^+2ifi,^+lia.,^n){a,+l))) 
~ /j+i,j+2(w(/i,j+i(aj,i), /i,i+i(ai,„))(ai+i)) 

First equation follows from equation (3.1.2). We wrote second equation on the 
base of demand that map /i+i,i+2 is homomorphism of fii-algebra. Therefore, we 
defined the structure of fii-algebra on the set **Ai^2- 
From (3.1.4) and (3.1.3) it follows that 

^(/i,i+2(ai,l)(/i+l,i+2(li+l))i fi,i+2{o-i^n){fi+l,i+2{0'i+l))) 

(3.1.5) = /i+i^j+2(/i,i+i(w(aj,i, ...,ai,„))(ai-|.i)) 

= /i,i+2('^(ai,li ai,n))(/i+l,i+2(ai+l)) 

From equation (3.1.5) it follows that 

t^(/j,j+2(ai,i)i .fh'i+2{ai,n)) = /i,j+2(i^(aj,i' 
Therefore, the map /i,i+2 is homomorphism of fi^-algebra. Therefore, the map 
fi^i+2 is T7k-representation of fii-algebra Ai in fi^+i-algebra *Ai^2- D 

Theorem 3.1.3. (id, fi+i^i^2) *s morphism of T-k-representations of fli- algebra 
from fi.i+i into /j,i+2. 



(3.1.6) 



Proof. Let us consider diagram (3.1.1) in more detail. 

fi+l,i + 2 




The statement of theorem follows from equation (3.1.2) and definition 2.2.2. □ 

Theorem 3.1.4. Consider tower {A, f) of representations of D,- algebras. Since 
identity transformation 

Si+2 '■ Ai+2 Ai+2 

of Qi-i-2-o.lgP'bra AiJ^2 belongs to representation fi+i^i+2, than the representation 
fi,i+2 of ^i- algebra Ai in Cli+i-algebra * Ai+2 can be extended to representation 



fi 



i,i+2 



A,. 



*A. 



i+2 



of Qi-algebra Ai in riij^2-cdgebra Ai^2- 
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Proof. According to the equation (3.1.2), for given a^+i e ^i+i we can define 
a mapping 

/i,i+2(°^»)(/i+i,i+2(ai+i)(ai+2)) = fi+iA+2ifi,i+i{ai){ai+i)){ai+2) 
Let there exist a.i_|-i G A^+i such that 

(3.1.8) /j;+i^i-|_2(ai+l) = Si+2 

Than from (3. 1.7), (3. 1.8), it follows that 

(3-1-9) /^+2(«i)(a»+2) = /j+i,i+2(/i,i+i(ai)(ai+i))(ai+2) 

Let w be n-ari operation of ri^-algebra Ai. Since is homomorphism of fli- 

algebra, than, from the equation (3.1.2), it follows that 

/i,!:+2(w(ai.i, ai.n)){fi+i,i+2iai+i)) 
(3.1.10) = w(/i,j+2(aM)(/i+i,i+2(ai+i)), f^A+2iai.n)ifi+iA+2iai+i))) 
= /i+i,i+2(w(/,,i+i(ai.i)(aj+i), ft,i+i{a^.n){a,+i)) 

From the equation (3.1.10), it follows that 

fi,i+2{^{0'i-l: aj-n))(/i+l,i+2(aj+l)(aj+2)) 

^3 -[^ -j^-j^-j = w(/i_i+2(ai-i)(/j:+i,j+2(ai+i)(ai+2)), 

■•■1 /i,i+2(ai-n)(/i+l, 1+2(11+1 )K+2))) 

= /i+i,i+2(w(/j,i+i(ai.i)(aj+i), /j,i+i(ai.„)(ai+i))(aj+2) 
From equations (3.1.8), (3.1.9), (3.1.11), it follows that 
ft,i+2i^iai-i, ...,ai.„))(ai+2) 

(3.1.12) = w(/;,^+2K-l)(a*+2), fl^+2{a^■n)ia^+2)) 

= /i+i,i+2(w(/i,i+i(ai.i)(aj+i), fi,i+ )(ai+i))(aj+2) 
The equation (3.1.12) defines an operation uj on the set *Ai^2 

(3.1.13) '^(/Ij+2(avi),--->/M+2(av")) = /M+2('^(a«-i, •■•,a,.„)) 

and the mapping /j' is homomorphism of fij-algcbra. Therefore, we have a 
representation of Jlj-algebra Ai in 51i+2-algebra Ai^2- D 

Definition 3.1.5. Let us consider the tower of representations 

((^l,A2,^3),(/l,2,/2,3)) 

The map /* = (/i,2,/i,3) is called representation of ili-algebra Ai in repre- 
sentation /2,3. □ 

Definition 3.1.6. Let us consider the tower of representations {A,f ). The map 

/* = (/l,2, /l,n) 

is called representation of fii-algebra Ai in tower of representations 

(A[^J) = ((^2,..., An), (/2,3,-, /«-!,«)) 

□ 
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3.2. Morphism of Tower of T*-Representations 



Definition 3.2.1. Let us consider the set of fij-algebr Ai, Bi, i = 1, n. The 
set of maps {hi, h„) is called morphism from tower of r*-representations 
{A, f) into tower of T^-representations (-6,5), if for any i, i ~ 1, n — 1, 
the tuple of maps is morphism of T*- representations from into 



For any i, i = 1, 
(3.2.1) 



□ 



71 — 1, we have diagram 

hi. 




Equations 

(3.2.2) hi+i o /i,j+i(a,) = gi^i+i{hi{ai)) o hi+i 

(3.2.3) hi+i[fi^i+i{ai){a.i+i)) = g.i.i+i{h,{a,)){hi+i{ai+i)) 

express commutativity of diagram (1). However for morphism (hi,hi+i), i > 1, 
diagram (3.2.1) is not complete. Assuming similar diagram for morphism {hi, /li+i), 
this diagram on the top layer has form 



(3.2.4) 



H+2 



f23{fl2{ai)ai + iP 



A. 



i+2 



B 



i+2 



A. 



i+2 




Bi+2 

4l23igi2{ai)hi+i{ai^i)) 



gi,i+2(hi(ai)) 



1+2 



Unfortunately, the diagram (3.2.4) is not too informative. It is evident that there ex- 
ists morphism from *^i+2 into *Bi+2, mapping fi,i+2{ai) into gi^i+2{hi{ai)) . How- 
ever, the structure of this morphism is not clear from the diagram. We need consider 
map from *^i+2 into *Bi^2, like we have done this in theorem 3.1.3. 

Theorem 3.2.2. Since T-k-representation fi+i^i+2 is effective, then {hi,*hi+2) is 
morphism of T-k-representations from Ti^- representation fi.i+2 into T-k-representa- 
tion gi^i+2 of fli- algebra. 



3.2. Morphism of Tower of T*-Rcprcscntations 
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Proof. Let us consider the diagram 

hi+i 



/i,,+l(a.) 




(2) 





i+l 



'A. 



(1) 



i+2 



i+2 



(3) 

hi+i 



(5) 



^9i + l,i + 2 



gi,i+l{hiiai)) 



The existence of map */ii+2 and commutativity of the diagram (2) and (3) follows 
from effectiveness of map fi^i^i^2 and theorem 2.2.6. Commutativity of diagrams 
(4) and (5) follows from theorem 3.1.3. 

From commutativity of the diagram (4) it follows that 

(3.2.5) fi+i,i+2 ° fi,i+i{ai) = ft,i+2{ai) ° fi+i,i+2 
From equation (3.2.5) it follows that 

(3.2.6) *hi+2 o fi+i,i+2 ° fi,i+i{ai) = *hi+2 ° fi,i+2{ai) ° fi+i,i+2 
From commutativity of diagram (3) it follows that 

(3.2.7) *hi+2 ° fi+l,i+2 = gi+l,i+2 ° hi+i 

From equation (3.2.7) it follows 

(3.2.8) *hi+2 o f'i+iA+2 o fiA+iiai) = gi+i,i+2 ° h,+i ° /i,i+i(ai) 
From equations (3.2.6) and (3.2.8) it follows that 

(3.2.9) *hi+2 o fi:i+2{ai) o fi+iA+2 = 5i+i,i+2 ° h,+i o fi,i+iiai) 
From commutativity of the diagram (5) it follows that 

(3.2.10) gi+i^^+2 o gi,i+i{hi{ai)) = gi,i+2(/ii(ai)) o gj+i,j+2 
From equation (3.2.10) it follows that 

(3.2.11) gi+i^i+2 ° gi,i+i{hi{ai)) o hi+i = 3^,^+2 (/ii(ai)) o gi+i^i+2 o hi+i 
From commutativity of the diagram (2) it follows that 

(3.2.12) *ft-i+2 O fi+l,i+2 — 5i+l,j+2 ° hi^i 

From equation (3.2.12) it follows that 

(3.2.13) gi.i+2{hi{ai)) o *hi+2 o fi+i.i+2 = gi,i+2{hi{ai)) o gi+i^i+2 o /ii+i 
From equations (3.2.11) and (3.2.13) it follows that 

(3.2.14) gi+i,i+2 o gi,i+i{hi{ai)) o h^+i = g.i^i+2{hi{ai)) o *hi+2 o fi+i,i+2 
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External diagram is diagram (3.2.1) when i = 1. Therefore, external diagram 
is commutative 

(3.2.15) hi+i o fis+i{ai) gi,,;+i(/ii(ai)) o hi+i 
From equation (3.2.15) it follows that 

(3.2.16) 5i+i,i+2 o hi+i o fi^i+i{ai) 5^+1,^+2 o gi,i+i{hi{ai)) o hi+i{ai+i) 
From equations (3.2.9), (3.2.14) and (3.2.16) it follows that 

(3.2.17) *hi+2 o fi,i+2{ai) o /i+i,i+2 = gi,i+2{hi{ai)) o *hi+2 ° fi+i,i+2 
Because the map fi+i.i+2 is injection, then from equation (3.2.17) it follows that 

(3.2.18) *h.i+2 o fi,i+2{ai) = gt,i+2ih,,{cH)) o *hi+2 

From equation (3.2.18) commutativity of the diagram (1) follows. This proves the 
statement of theorem. □ 

Theorems 3.1.3 and 3.2.2 are true for any layer of tower of T*-representations. 
In each particular case we need properly show sets and direction of the map. Mean- 
ing of given theorems is that all maps in tower of T*-representations act coherently. 

The theorem 3.2.2 states that tmknown map on the diagram (3.2.4) is the map 

*/lt+2- 

Theorem 3.2.3. Let us consider the set of fli-algebr Ai, Bi, C'i, i = I, n. 
Given morphisms of tower of representations 

p:(Aj)^(B,g) 

q:(B,g)^(C,h) 

There exists morphism of representations of ^-algebra 

r:(Aj)^{C,h) 

where = qkPk, k = 1, n. We call morphism r of tower of representations 
from f into h product of morphisms p and q of tower of representations. 

Proof. For each fc, fc = 2, n, we represent statement of theorem using 
diagram 




3.3. Endomorphism of Tower of Representations 
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Map rfc_i is honiomorphism of 17fe_i-algebra Ak-i into Ofe-i-algebra Ck-i- We 
need to show that tuple of maps (r^-i, r^) satisfies to (3.2.2): 

rk{fk-i,k{ak-i)ak) = qkPk{fk~i,k{ak-i)ak) 

= qk{gk~iM{pk-i{ak-i))Vk{ak)) 

= hk^iM{qk-iPk~i{ak-i))qkPk{ak)) 

= hk-i,k{r{ak^i))rk{ak) 

□ 

3.3. Endomorphism of Tower of Representations 

Definition 3.3.1. Let (A,/) be tower of representations of J7-algebras. The mor- 
phism of tower of representations (/ii, such, that for each fc, fc = 1, 
?7, hk is endomorphism of ilfe-algebra Ak is called endomorphism of tower of 
representations /. □ 

Definition 3.3.2. Let (A, /) be tower of representations of f2-algebras. The mor- 
phism of tower of representations (/ii, /i„) such, that for each fc, fc = 1, 
71, hk is automorphism of ilfe-algebra Ak is called automorphism of tower of 
representations /. □ 

Theorem 3.3.3. Let (A, /) be tower of representations of Q-algebras. The set of 
automorphisms of the representation f forms loop^"'^ 

Proof. Let r, p be automorphisms of the tower of representations /. Accord- 
ing to definition 3.3.2, for each fc, k = 1, n, maps r^, pk are automorphisms 
of Ofc-algebra Ak- According to theorem IL3.2 ([8], p. 57), for each fc, fc = 1, 
n, the map rkPk is automorphism of Ofc-algebra Ak- From the theorem 3.2.3 and 
the definition 3.3.2, it follows that product of automorphisms rp of the tower of 
representations / is automorphism of the tower of representations /. 

Let r be an automorphism of the tower of representations /. According to 
definition 3.3.2 for each i, i — 1^ n, map is automorphism of il^-algebra Ai- 
Therefore, for each z, i = 1, ri, the map r^^ is automorphism of fi^-algebra Ai- 
The equation (3.2.3) is true for automorphism r. Assume a'^ — ri{ai), i = I, n. 
Since r;, i = I, n, is automorphism then a.i ~ r~ (a^ and we can write (3.2.3) 
in the form 

(3.3.1) /ij+i(/j,,+i(/7i"^(a-))(/ii+i(a-+i))) = g,,,+i(a^)(a^+i) 

Since the map /li+i is automorphism of fii+i-algebra Ai+i, then from the equation 

(3.3.1) it follows that 

(3.3.2) (/7,ri(a^)(/ii+i(a^^ J)) = ft,7^\(gj,,+i(a-)(a'+i)) 

The equation (3.3.2) corresponds to the equation (3.2.3) for the map r~^. Therefore, 
map is automorphism of the representation /. □ 



Look [4], p. 24, [3] for definition of loop. 
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3.4. Basis of Tower of Representations 

Definition 3.4.1. Tower of T7k-rcprcscntations {A,f). is called effective, if for 

any i the representation fi^i+i is effective. □ 

Theorem 3.4.2. Let us consider the tower of T-k-representations (A, /). Let repre- 
sentations fi.i+i, fi+k-i.i+k be effective. Then representation fi^i+k is effective. 

Proof. Wc will prove the statement of theorem by induction. 

Let representations /i+i^i-(-2 be effective. Assume that transformation 

is not identity transformation. Than there exists Oi+i G ^j+i such 
that /i,i+i(ai)(ai+i) ^ a^+i. Because the representation /i_|_i_i_|_2 is effective, 
then transformations /j;+i^i4-2(ai+i) and fi+i^i+2{fi,i+i{ai)iai+i)) do not coincide. 
According to construction in theorem 3.1.2, the transformation fi,i+2{o-i) is not 
identity transformation. 

Assume the statement of theorem is true for fc — 1 representations. Let fi.i+i, 

fi+k-i,i+k be effective. According assumption of induction, representations 
fi.i+k-i, fi+k-i.i+k are effective. According to proven above, the representation 
is effective. □ 

Theorem 3.4.3. Consider tower [A, f) of representations of Cl-algebras. Let iden- 
tity transformation 

'■ Ai-f-2 Ai+2 

of fli-i-2-algebra Ai^2 belong to representation /i+i,i+2- Let representations fi.i+i, 
fi+i,i+2 be effective. Then representation /j'j_|_2 defined in the theorem 3.L4, is 
effective. 

Proof. Let there exist Oi^i G ^i+i such that 

/i+l,i+2(ai+l) = 5i+2 

Assume that the representation // is not effective. Than there exist 

(3.4.1) ai.i,ai.2 6^i a^.i ^ ai.2 
such that 

(3.4.2) fl^_^_2{a^.l){a^+2) = /^+2(aj-2)(aj+2) 
From equations (3.1.9), (3.4.2), it follows that 

(3.4.3) /i+i,i+2(/i,i+i(aj.i)(ai+i))(aj+2) = /i+i,i+2(/i,i+i(ai-2)(ai+i))(ai+2) 
Since 0^+2 is arbitrary, than, from (3.4.3), it follows that 

(3.4.4) /,+i.j+2(/!:,i+i(ai-i)(ai+i)) = /i+i,i+2(/s:,i+i(ai-2)(ai+i)) 

Since the representation fis+i is effective, than, from the condition (3.4.1), it follows 
that 

(3.4.5) fi^i+l{ai.l){a^+l) ^ /i_i+i(ai.2)(ai+i) 

From the condition (3.4.5) and the equation (3.4.4), it follows that the represen- 
tation /i+i_i-|.2 is not effective. The contradiction completes the proof of the theo- 
rem. □ 



3.4. Basis of Tower of Representations 
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We construct the basis of the tower of representations in a similar way that we 
constructed the basis of representation in the section 2.6. 

We will write elements of tower of representations (^[i] , /) as tuple (a2, as), 
where £ Ai, i = 2, n. 

Definition 3.4.4. Let {A, /) be tower of representations. The tuple of sets 

7V[i] = {N2 c A2,...,iV„ c A^) 
is called tuple of stable sets of tower of representations /, if 

fi^i,iiai-i){ai) e Ni i^2,...,n 

for every ai E Ai, 02 E N2, a„ e Nn- We also will say that tuple of sets 

iV[i] = (A^2 C A2,...,N„ C A„) 

is stable relative to tower of representations /. □ 

Theorem 3.4.5. Let f be tower of representations. Let set Ni C Ai be subalgebra 
of ili- algebra Ai, i = 2, n. Let tuple of sets 

iV[i] = {N2 C A2,...,Nn C An) 

be stable relative to tower of representations f . Than there exists representation 

(3.4.6) ((^1, iV2, iV„), (/^„i,2, fN„ ,n-l,n)) 

such that 

fNi,i-i,i{o-i-i) = fi-i,i{o-i-i)\Ni i = 2, n 
The tower of representations (3.4.6) is called tov^fer of subrepresentations. 

Proof. Let Wi-i^i be m-ary operation of rii_i-algebra Ai_i, i = 2, n. 
Than for any ai^i.i, ai_i S Ni-i ^ '^ and any Oi £ Ni 

^i-is{f Ni,i-l,i{ai-l,l) 1 fNi.i-l.i{ai-l,m)){o,i) 
—(^i-l,l{fi-l,i{o.i-l,l), fi-l,i{ai-l.m)){o,i) 
= /i-l,i(Wi-ia(ai_i^l, ai-i^rn)){o.i) 
=fNi,i-l,i{^i-l,l{0'i-l.l, ai^i,jn)){ai) 

Let LJi^2 be m-ary operation of ri^-algebra Ai, i = 2, n. Than for any a^^i, 
ai,n e Ni and any a^-i e 7Vi_i 

'^i,2(/Ari,i-l,i(ai-l)(ai,l), fNi,i-l,i{a.i-l){ai,m)) 

=t^i,2(/i-i,i(a,-i)(a,i_i), /i_i,i(ai_i)(ai,m)) 

=/i-l,i(ai-l)('^i, 2(^1,17 ai,m)) 
=/iVi,i-l,i(fli-l)('^i,2(ai,l: aj.in)) 

We proved the statement of theorem. □ 

From theorem 3.4.5, it follows that if map (/Ar2,i,2, /A'„,i,n) is tower of 
subrepresentations of tower of representations /, then map 

(id : Ai Ai,id2 : N2 A2, ...,id„ : N„ A„) 

is morphism of towers of representations. 

•^•^Assume A^i = Ai. 
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Theorem 3.4.6. The set^''^ Bj of all towers of subrepresentations of tower of 
representations f , generates a closure system on tower of representations f and 
therefore is a complete lattice. 

Proof. Let for given A S A, i^A.i, « = 2, n, be subalgebra of n^-algebra 
Ai that is stable relative to representation /i-i,;. We determine the operation of 
intersection on the set B-j according to rule 

^K\^i is subalgebra of il^-algebra Ai. Let ai G r\Kx,i. For any A G A and for any 
ai-i e Ki^i, 

fi-i,i{o-i-i){ai) & Kx,i 

Therefore, 

/i-i,i(ai-i)(a,;) e Ki 

Repeating this construction in the order of increment i, i = 2, n, we see that 
{Ki, Kn) is tuple of stable sets of tower of representations /. Therefore, we 
determined the operation of intersection of towers of subrepresentations properly. 

□ 

We denote the corresponding closure operator by J{f). If we denote the 
tuple of sets {X2 C A2, ...jXn C An) then J{f,X[i]) is the intersection of all 
tuples {Ki, Kn) stable with respect to representation / and such that for i = 2, 

n, Ki is subalgebra of Oj-algebra Ai containing Xi.'^ ** 

Theorem 3.4.7. Let'' "' f be the tower of representations. Let Xi C Ai, i = 2, 

n. Assume Yi = Ai. Step by .step increasing the value of i, i = 2, n, we define 
a subsets Xi_„i C Ai by induction on m. 

Xifl ~ Xi 

X G Xi^m X e Xi^m+i 

X\ e Xi^rm ■■■,Xp e Xi^m,ILJ G S'i(p) => Uj{xi, Xp) G Xi^^+l 

Xi G Xi^„i,Xi-i G 1^-1 => /i_i,i(.T,_i)(.T,) G Xj^„i+i 

For each value of i, we assume 

00 

Yi = 1^ Xi^rn 
m=0 

Then 

F=(ri,...,K„)=7(7,X[i]) 

Proof. For each value of i the proof of the theorem coincides with the proof 
of theorem 2.6.4. Because to define stable subset of fii-algcbra Ai we need only 
certain stable subset of fi^-i-algebra we have to find stable subset of r2i_i- 

algcbra Ai-i before we do this in Jl^-algebra Ai. □ 

'^■'^This definition is similar to definition of the lattiee of subalgebras ([8], p. 79, 80) 
•^■^For n = 2, J2{fl,2, X2) = Jf^ ,(X2). It would be easier to use common notation in sections 
2.6 and 3.4. Howewver I think that using of vector notation in section 2.6 is premature. 
■'■^The statement of theorem is similar to the statement of theorem 5.1, [8], p. 79. 



3.4. Basis of Tower of Representations 
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J(/,X[i]) is called tower of subrepresentations of tower of representa- 
tions / generated by tuple of sets ^[i], and is a tuple of generating 
sets of tower subrepresentations J{f,X[^). In particular, a tuple of gener- 
ating sets of tower of representations / is a tuple {X2 C A2,...,Xn C An) 
such that 7(7, ) = A. 

Definition 3.4.8. Let {X2 C A2, Xn C An) be tuple of generating sets of tower 
of representations /. Let map h be endomorphism of tower of representations /. 
Let the tuple of sets X'^^ = h{X[ij) be image of tuple of sets under the map 

h. Endomorphism h of tower of representations / is called regular on tuple of 
generating sets ^[1], if the tuple of sets X'^^^ is tuple of generating sets of tower 

of representations /. Otherwise, endomorphism h is called singular on tuple of 
generating sets ^[1], □ 

Definition 3.4.9. Endomorphism of tower of representations / is called regular, 
if it is regular on any tuple of generating sets. □ 

It is easy to see that definition of the tuple of generating sets of tower of 
representations does not depend on whether tower of representations is effective or 
not. For this reason hereinafter we will assume that the tower of representations is 
effective and we will use convention for effective T*-representation in remark 2.1.9. 

From theorem 3.4.7, it follows next definition. 

Definition 3.4.10. Let {X2 C A2, ■■■,Xn C An) be tuple of sets. For each tuple 
of elements a, a £ J(/,X[i]). there exists tuple of il-words defined according to 
following rule. 

(1) If ai G j4i, then ai is Jli-word. 

(2) If flj G Xi, i — 2, n, then is Qi-word. 

(3) If ai.i, ai^p are r^i-words, i — 2, n, and uj G f^i(p), then ai^i...ai,pU) 
is r^i-word. 

(4) If Ui is r^i-word, i = 2, n, and a^-i is rii_i-word, then 0^-10^ is Qi- 
word. 

Tuple of words 

w(a,7,X[i]) = (wi(ai,7,X[i]),...,w„(a„,7,X[i])) 

that represents given element a G J{f,X[i]) is called tuple of coordinates of 
element a relative to tuple of sets ^[ij. Denote W{f,X[^) the set of 
tuples of coordinates of tower of representations J{f,X[i]). □ 

Representation of a,; G Ai as fi^-word is ambiguous. If aj^i, a^^p are ^i.^-words, 
to G ^i{p) and at^i G Ai^i, then fi^-words ai-iai,i...ai^pUJ and ai-iai^i.-.tti-iai^pCj 
represent the same element of fii-algebra Ai . It is possible that there exist equations 
related with a character of a representation. For instance, if to is the operation of 
f2i_i-algebra Ai-i and the operation of ri^-algebra Ai, then we can request that 
f2i-words ai-i,i...ai-i^piL)ai and ai-i^iai...ai-.i^paiU) represent the same element of 
f2.i-algebra Ai. Listed above equations for each value i, i = 2, n, determine 
equivalence on the set of ri^-words X^ij). According to the construction, 

equivalence on the set of ri^-words Wi{f, ^[1]) depends not only on the choice of 
the set Xi, but also on the choice of the set Xi^i. 
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Theorem 3.4.11. Endoniorphism r of tower of representations f forms the map 
of coordinates 

w{7, r , ) : W(f, ) ^ W(f, X[,^ ) C X[,^ = r[i] ) 

such that for any i, i ~ 2, n, 

(1) // ai e Xi, a[ = ri{ai), then 

Wi(f,r,X[^){ai) = a- 

(2) // 

a[,i= w(j,r,X^-^){a^^i) ... a'^^ = w(7,r,X[i])(a^,p) 
then for operation uj G f^i {p) holds 

m{7,r, X[i]){a^s--at^pUj) = a- ^.-.a- pW 

(3) // 

ai e Wi(f,X[i]) a'^ ^ Wi(f,r,X[i]){a^) 

a^^l e Wi_i(7,X[i]) a[_i = Wj_i(7,r,X[i])(aj_i) 

w^i(7,^,-'^[i])(ai-iaj) = flj-ia- 

Proof. Statements (1), (2) of the theorem are true by definition of the endo- 
morpism hi. The statement (3) of the theorem follows from the equation (3.2.3). □ 

Theorem 3.4.12. Let f be tower of representations. Let map 

ri-.Ai^ Ai 

be endomorphism of fli-algebra Ai. For given sets Xi C Ai, X[ <Z Ai, i = 2, 
n, let map 

Ri : Xi ^ Xi 

agree with the structure of ^li- algebra Ai, i. e. for given operation lu G Vlilp), if 

•^2,1 1 ■ • ■ : ^i,p-^ "^ijl • •••^i.p^ £ Xi 

then 

Ri{xis...Xi,pU}) = Ri{xi^i)...Ri{xi,p)u} 
Let us consider the map of coordinates 

«J(7,(ri,i?2,...,i?rO,^[i]) : ^ 

that satisfies conditions (1), (2), (3) of theorem 3.4.11. For each i, i = 2, n, 
there exists endomorphism 

ri '. Ai y Ai 

defined by rule 

(3.4.7) r^{a,) = u'i(/, (ri, i?2, i?n), ^[i])(u'i(ai, /, ^[i])) 

and the map r is morphism of towers of representations J(/,X[i]) and J{f , X',^). 



3.4. Basis of Tower of Representations 
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Proof. If n = 1, then tower of representations / is representation of 
algebra Ai in r22-algebra A2. The statement of theorem is eoroUary of theorem 
2.6.10. 

Let the statement of theorem be true for 77, — 1. We do not change notation 
in theorem when we move from one layer to another because a word in ^ln~i- 
algebra An-i does not depend on word in rin-algebra A„. We prove the theorem 
by induction over complexity of 57„-word. 

If Wn{cLn, f , X = a„, then a„ € X„. According to condition (1) of theorem 
3.4.11, 

r„(a„) = Wnif, {ri,R2, i?„), X[i])(w„(a„, /, 
= u)n{f, {ri,R2, ...,i?„),X[i])(a„) 

Therefore, maps r„ and i?„ coinside on the set X„, and the map r„ agrees with 
structure of ri„-algebra. 

Let id S fin {p) ■ Let the statement of induction be true for 

Let 

W„,l = W„(a„4, /, ... Wn^p = Wn{an,p, f,X[i]) 

If 

then according to condition (3) of definition 3.4.10, 

W„(a„,/,X[i]) = Wn,l.:'Wn,pUJ 

According to condition (2) of theorem 3.4.11, 
r„(a„) = w„{f, (ri,i?2, i?„), X[i])(u;„(a„, /, 

= Wnif, {'ri,R2, ..; Rn), X[^){w„^i...Wn,pUj) 

= Wnif, {ri,R2, .■.,Rn),X[i]){Wn.l)...Wnif, (ri,i?2, . . . , i?„) , ) ( W„,p)lU 

= rn{an,i)---rnian,p)uj 

Therefore, the map ?"„ is endomorphism of r2„-algebra An ■ 
Let the statement of induction be true for 

an e Jnif,X[i]) Wn{an, f,X[i]) = Wn 

ttn-l e J„_l(/,X[i]) W„_i(a„_i,/,X[i]) ^ Wn-1 

According to condition (4) of definition 3.4.10, 

w„(a„_ia„,/,X[i]) =w„i-iWni 
According to condition (3) of theorem 3.4.11, 
r,i(a„„ia„) Wn{f, (ri,i?2, A:[i])(w„(a„_ia„, /, Xfij)) 

= Wnif, iri,R2, Rn), X[^)iWn-lWn) 

= Wn-lif, iri, R2, Rn), X[i])iWn-l)Wnif, (ri , i?2 , • • ■ , i?n ) > -'^[l] ) (^f n ) 

= 7'n-i(a„-i)r„(a„) 

From equation (3.2.3) it follows that the map r is morphism of the tower of repre- 
sentations /. □ 



50 



3. Tower of Representations of Universal Algebras 



Theorem 3.4.13. Automorphism r of tower of representations f is regular endo- 
morphism. 

Proof. Let X^i] be tuple of generating sets of tower of representations /. Let 

According to theorem 3.4.11 endomorphism r forms the map of coordinates 
w(f,r,X[i]). _ _ 

Let a' g A. Since r is automorphism, then there exists a A, r{a) = a'. 
According to definition 3.4.10, w{a,X^^) is coordinates of a relative to tuple of 
generating sets X[iy According to theorem 3.4.12, 

w{a',X[^) = w(7,r,X[i])(w(a,X[i])) 

is coordinates of a' relative to tuple of sets X'^^-^ . Therefore, X'^^-^ is generating set 
of representation /. According to definition 3.4.9, automorphism r is regular. □ 

If the tuple of sets X^^ is tuple of generating sets of tower of representations /, 
then any tuple of sets , Xi C Yi C Ai, i ~ 2, n, also is tuple of generating sets 
of tower of representations /. If there exists tuple of minimal sets generating 
the tower of representations /, then the tuple of sets X^^ is called basis of tower 
of representations /. 

Theorem 3.4.14. We define a basis of tower of representations by induction over 
n. For n = 2, the basis of tower of representations is the basis of representation 
fi,2- If tuple of sets X[i „^ is basis of tower of representations /[ij, then the tuple 
of generating sets X^^ of tower of representations f is basis iff for any a„ G X„ 
the tuple of sets {X2, ...,X„_i,X„ \ {a„}) is not tuple of generating sets of tower 
of representations f. 

Proof. For 71 = 2, the statement of the theorem is corollary of the theorem 
2.6.12. _ 

Let n > 2. Let X^i] be tuple of generating sets of tower of representations /. 
Let tuple of sets X^i^^] be basis of tower of representations /[„]. Assume that for 
some a„ £ Xn there exist word 

(3.4.8) w„ = w„(a„, /, {Xi, ...,X„_i,X„ \ {a„})) 
Consider a'^ G An such that it has word 

(3.4.9) < =«;„(a;,7,X[i]) 

that depends on a„. According to the definition 2.6.8, any occurrence a„ into word 
w'n can be substituted by the word Wn- Therefore, the word w'^ does not depend 
on a„, and the tuple of sets {X2, Xn-i, Xn \ {««}) is the tuple of generating 
sets of tower of representations /. Therefore, X[i] is not basis of the tower of 
representations /. □ 

The proof of the theorem 3.4.14 gives us effective method for constructing the 
basis of tower of representations /. We start to build a basis in the most low layer. 
When the basis is constructed in layer i, i = 2, n — 1, we can proceed to the 
construction of basis in layer i + 1. 

Theorem 3.4.15. Automorphism of the tower of representations f maps a basis 
of the tower of representations f into basis. 



3.5. Examples of Basis of Tower of Representation 
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Proof. For rt = 2, the statement of theorem is corollary of the theorem 2.6.14. 

Let the map r be automorphism of the tower of representations /. Let the 
tuple of sets be a basis of the tower of representations /. Let Xj^j ~ rjij {X^^). 

Assume that the tuple of sets X'^^ is not basis. According to the theorem 3.4.14 
there exist i, i = 2, n, and a'^ e X- such that the tuple of sets Xjij"^'^ is tuple of 
generating sets of the tower of representations /. According to the theorem 3.3.3 
the map is automorphism of the tower of representations /. According to the 
theorem 3.4.13 and definition 3.4.9, the tuple of sets Xj"]'^ '' is tuple of generating 

sets of the tower of representations /. The contradiction completes the proof of the 
theorem. □ 



3.5. Examples of Basis of Tower of Representation 

Affine space is effective representation of vector space in Abelian group. We 
consider this example in chapter [7]-6. 

Example 3.5.1. Let A2 be free algebra over field Ai. Considering the algebra A2 
as a ring, we can determine free vector space A3 over the algebra Let 632 be 
basis of algebra ^3 over algebra ^2- A vector 03 e ^3 has representation 

/e32./ 



(3.5.1) 



03 — 632. j 



(4 



\e32ny 



Let 621 be basis of algebra A2 over field Ai. Because G A2, we can write their 
coordinates relative to basis 621 



(3.5.2) 



7 7^ — 

= 0-3 621. ^ 




From equations (3.5.1), (3.5.2) it follows 
(3.5.3) 



ji — — 

03 — Og 621-1 632. j 



621 -n 



1621. 




6321 



e32 n / 



Equation (3.5.3) shows the structure of coordinates in vector space yl3 over field 
Ai. It is easy to see that vectors 



3-6x; = Xj,i^i, X-=Xi\{x'J 
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are linear independent over field Ai. Therefore, we build the basis 631 of vector 
space A3 over field Ai. Therefore, we can rewrite equation (3.5.3) as 

/ 631. 11 \ 



(3.5.4) 



03 



11 — 
ai 631. 



e31-nl 



It is easy to see that we can identify vector 631. y with tensor product e2i-i®e32-j ■ D 
3.6. Representations in Category 

Definition 3.6.1. Let for any objects B and C of category B the structure of Jl- 
algebra is defined on the set of morphisms Mor{B, C). The set of homomorphisms 
of ri-algebra 

/s,c : A ^ Mor{B, C) 
is called representation of fi-algebra A in category B. □ 

If we assume that the set Mor{B, C) is defined only when B = C, than we 
get definition of r*-representation. The difference in definitions is that we do 
not restrict ourselves by transformations of the set B, but consider fJ-algebra of 
maps from the set B into set C. At first sight there is no fundamental differences 
between considered theories. However we can see that representation of vector 
space in category of bundles lead us to connection theory. 
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FjiaBa 1 

Ilpe^HCJioBHe 

1.1. IIpeflHCJioBHe 

B CTRTbiix H ^acTO paccMaTpiiBaio BonpocBi, CBHsanHbie c npeflCTaBjieHHCM yHH- 
BepcajiBHOii ajire6pbi. BnaHajie sto 6bijih He6ojibmHe Ha6pocKH, KOTopBie h mhofo- 
KpaTHO HcnpaBjiHji h nepenHCbiBaji. Ho nocTeneHHO noHBjiHjiHCb hobbic Ha6jiiofle- 

HHH. B peSyjIBTaTC BCnOMOraTejIBHBlft HHCTpyMCHT npeBpaTHJICH B CTpOHHyK) Teo- 
pHK). 

51 3TO noHHji, Kor^a a pa6oTaji na^ KHHroii [7], h pemnji hocbstiitb OTflejiBHyio 
KHHry BonpocaM, CBHsaHHBiM c npeflCTaBjiCHHeM yHHBepcajiBHOfi ajire6pBi. Hsyne- 
HHe TeopHH npeflCTaBjieHiiii yHHBepcajiBHOii ajireSpBi noKasBiBaeT, hto STa leopHH 
HMeeT MHoro o6iii;ero c TeopHcii yHHEepcajiBHOfi ajire6pBi. 

OcHOBHbiM TOjiHKOM K 6ojiee rjiy6oKOMy HsyneHHio npeflCTaBjieHHii yHHBep- 
cajibHoii ajire6pbi nocjiyjKiijio onpeflejieHne BeKTopnoro npocTpancTBa xax npe/i,- 
CTaBjieniie nojia b a6ejieBoii rpynne. 51 o6paTHji BHHMaHne, hto sto onpe^ejieHHe 
MenaeT pojiB jiiiHeiiHoro OTo6pajKeHHs. Ho cyiH, jiHHeiiHoe OTo6pa>KeHiie - sto 
OTo6pa>KeHHe, KOTopoe coxpanaeT CTpyxTypy npeflCTaBjieHHs. Siy KOHCTpyKn,Hio 
jierKO o6o6iii,HTB na nponsBOjiBHoe npeflCTaBjieHHe yHHBepcajiBHOii ajire6pBi. TaKHM 
o6pa30M noHBiijiocB noHSTHe MopeJjHSMa npeflCTaBjienHit. 

MhOJKCCTBO HCBBipOJKfleHHBIX aBTOMOp4)H3MOB BCKTOpHOrO HpOCTpaHCTBa HO- 

pojKflaeT rpynny. Bia rpynna fleiicTByeT oflHOTpansHTHBHO na MHOscecTBe 6a3HCOB 
BCKTopHoro npocTpancTBa. 3to yTBepsKfleHiie HBjiaeTca (JjynflaMeHTOM Teopiin hh- 
BapiiaHTOB BeKTopHoro npocTpancTBa. 

Bo3HHKaeT ecTecTBeHHbiii Bonpoc. Mojkho jih o6o6LLi,HTb STy KOHCTpyKii,Hio Ha 
npoiiSBOjiBHoe npeflCTaBjieHHC? Basiic - 3to ne e;i,HHCTBeHHoe MHOJKecTBO, KOTopoe 
nopojKflaeT BCKTopnoe npocTpancTBO. Ecjih mbi k MHOJKecTBy BCKTopoB 6a3Hca pp- 

6aBHM npOHSBOJIBHBlii BCKTOp, TO HOBOC MHOJKeCTBO HO npejKHCMy nOpOJKflaeT TOJKe 

caMoe BCKTopHoe npocTpancTBO, ho 6a3HCOM ne HBjiaeTCH. 3to yTBepsKfleniie hb- 
jiaeTCH HCxoflHOH TOHKOii, OT KOTopoii H Ha^aji iisyHCHiie MHOJKecTBa oGpasyiomHx 
npeflCTaBjiCHna. Mho^kcctbo o6pa3yiOLLi,Hx npeflCTaBjieHHH - sto eme Oflna iiHTepec- 
Haa napajijiejib Teopnii npeflCTaBjiCHHii c Teopnen yHiiBepcajiBHoii ajire6pBi. 

Mhojkcctbo aBTOMop4)H3MOB npeflCTaBjieHHH HBjiaeTCH jiynoii. HeaccoLi;iiaTHB- 
HOCTb npoHSBefleHHH nopo}K;i,aeT MHoroiHCjienHbie Bonpocbi, KOTopbie Tpe6yiOT pp- 
nojiHHTejibHoe HCCjieflOBaHHe. Bee sth Bonpoebi Be^yi k Heo6xo;i,iiMoeTH noHHMaHiia 
TeopiiH HHBapiiaHTOB aaflaHHoro npefleTaBjieniiH. 

Ecjih mbi paecMaTpHBacM Tcopnio npeflCTaBjienHii ynHBepeajiBHOfl: ajire6pBi KaK 
paeniHpeHHe xeopHH ynHBepeajiBHOii ajireSpBi, to noneMy ne paceMOxpexB upep- 
eiaBjieHHe Oflnoro npeflCTaBjienHH b flpyroM npeflCTaBjieHHH. Tax noHBHjiacB koh- 
n,enn,HH GaniHH npe/i,CTaBjieHHH. CaMtifl; y^HBHTejiBHtifl: (JsaxT - sto to. hto Bce 
OTo6pa>KeHHH B 6aniHe npe/i,CTaBjieHHH fleftcTByiOT corjiaeoBano. 
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1. IlpCflHCJIOBHe 



1.2. CorjiameHHH 

OyHKn,Ha ii OTo6pajKeHHe - ciihohiimbi. OflnaKO cymecTByeT Tpa^Hii;HH 
cooTseTCTBiie MCJKfly KOjiijD;aMH HjiH BeKTopHbiMH npocTpancTBaMii Ha- 
sbiBaTb OTo6pa}KeHneM, a OTo6pa}KeHHe nojiH fleiicTBHTejibHbix HHceji hjih 
ajire6pbi KBaTepHHOHOB nasbiBaTb 4)yHK]j;Heii. 51 TOJKe cjieflyio stovl Tpa- 
TpinHH, xoTa BCTpenaeTCH tckct, b KOTopoM HeacHO, KaKOMy TepMHHy naflo 
OT;i,aTb npeflnoiTeniie. 

B [8] npoHSBOjiBHaa onepaD;nH ajire6pbi o6o3Ha^ieHa 6yKBOH cj, ii 51 - mho- 
jKecTBO onepaLi;iiii neKOTopoii yHiiBepcajiBHOfi ajire6pbi. CooTBeTCTBenHO, 
yHHBepcajibHaa ajire6pa c MHOJKecTBOM onepan,HH il o6o3Ha^aeTCH Q-an- 
re6pa. AnajiorHT^Hbie o6o3HaHeHHfl mbi bh^hm b [1] c toh He6ojiBinoH pas- 
HHii,eH, 1T0 onepaD,HH b ajireGpe o6o3HaHeHa 6yKBOii f i\ T - MHOJKecTBO 
onepaLi,Hii. 51 Bbi6paji nepBbiii BapnatiT o6o3HaHeHHH, Tax KaK b stom cjiy- 
Hae jierne BiiflHO, r^e h HcnojiB3yK) onepan,HK). 

TaK KaK HHCjio yHHBepcajiBHbix ajire6p b 6amHe npe^CTaBjieHiiii nepcMen- 

HO, TO MM 6y;i,eM nOJIb30BaTbCH BeKTOpHblMII 0603HaHeHHHMH flJIH 6amHii 

npeflCTaBjiemiii. MHOJKecTBO (Ai,...,A„) i7i-ajire6p Ai, i = 1, n mm 
6y^eM o6o3HaT^aTb A. MnoiKecTBO npe^CTaBJIGHIIH (^1^2; •■•7 /"n — l,n) 3THX 
ajire6p mbi 6yfleM o6o3HaHaTb /. TaK KaK pa3Hbie ajire6pbi HMemx pa3HbiH 
THn, MBI TaKJKe 6yfleM roBopnTb o MHOJKecTBe n-ajire6p. Ho OTHOineHHio k 
MHOJKecTBy A MBI TaK>Ke 6y^eM nojiB30BaTBca MaTpn^HBiMH o6o3HaieHH- 
HMH, npefljiojKeHHBiMH B pa3flejie [5]-2.1. HanpHMep, chmbojiom ^[ij mbi 
6yfleM o5o3HaHaTB MHOJKecTBO f2-ajire6p (^2, An). B cooTBeTCTByro- 
meM o6o3HaHeHHH (^[1], /) 6aniHH npeflCTaBjieHnit noflpasyMeBaeTca, hto 

/ = (/2,3, /n-l,Ti)- 

TaK KaK MBI nOJIB3yeMCa BeKTOpHBIMH 0603HaHeHHHMH fljia SJieMeHTOB 

6ampiH npeflCTaBjieHHH, Heo6xoflHMO corjiameHiie o 3anncii onepaLi,HH. Ilpefl- 
nojiaraeTca, hto onepaD,HH BbinojiHsroTca noKOMnoneHTHO. HanpHMep, 

r{a) = (ri(ai), ...,r„(a„)) 

51 CHHTaio ;i,HarpaMMbi OToSpajKenHii BajKHbiM HHCTpyMenTOM. OflnaKO 
BpeMenaMH B03HiiKaeT jKCJianHe yBH^eiB ^iiarpaMMy ipex Mepnoii, hto 
yBejiHHHjio 6bi ee BBipaaHTejiBHyio moiupioctb. Kto 3HaeT KaKiie cropnpH- 
3bi roTOBHT 6y;i,ymee. B 1992 na KOHcJaepetmHii b Ka3aHH a paccKa3biBaji 
CBOHM KOjijieraM KaKHe npeHMymecTBa iiMecT KOMnBroTepnas noflroTOBKa 
CTaTeft. CnycTH 8 jiei h3 niiCBMa h3 Ka3aHH a y3Haji, ito xenepb mojkho 
roTOBiiTB CTaTBH c HOMombio LaTeX. 

Be3 coMHeniiH, y ^iiiTaTejia: Moryi 6bitb BonpocBi, saMenanHH, B03pa}Ke- 
HHH. 51 6yfly npH3HaTejieH jiK)6oMy OTSBiBy. 



FjiaBa 2 



Hpe^cTaBJieHHe yHHBepcajibHoii ajire6pi>i 

2.1. npe/i;cTaBJieHHe yHHBepcajiBHoii ajire6pM 

Onpe/i,ejieHHe 2.1.1. IlycTb na MHO>KecTBe M onpeflejiena CTpyxTypa fi2-ajire6- 
pbi ([1, 8]). Mbi 6y/],eM naabiBaTb 3HflOMop4)H3M r22-ajire6piji 

t: M M 

npeo6pa30BaHHeM yHHBepcajiBHoft ajireGpBi M.'^'^ □ 

Mbi 6yfleM o6o3HaHaTij 6 TO>KflecTBeHHoe npeo6pa30BaHHe. 

Onpe/i;ejieHHe 2.1.2. npeo6pa30BaHHe nasbiBaeTCH jieBOCTopoHHHM npeo6pa- 
30BaHHeM HjiH T*-npeo6pa30BaHHeM, ecjiH oho fleiicTByeT cjieBa 

u' = tu 

Mbi 6y;i,eM o6o3HaHaTb * M MHOscecTBO r*-npeo6pa30BaHHH yHHBepcajiBHOii ajire6- 
pbi M. □ 

Onpe/];ejieHHe 2.1.3. npeo6pa30BaHHe Ha3biBaeTCs npaBOCTopoHHHM npeo6- 
pasoBaHHGM HJIH *r-npeo6pa30BaHHeM, ecjiH oho fleiicTByeT cnpaBa 

u' ~ ut 

Mbi 6yfleM o6o3HaHaTb M* MHOJKecTBO Tk:r-Hpeo6pa30BaHHH ynHBepcajibHoii ajire6- 
pbi M. □ 

Onpe/i,ejieHHe 2.1.4. IlycTb na MHOJKecTBe *M onpeflejiena CTpyKiypa fii-aji- 
re6pi>i ([1]). IlycTb A aBjiaeTCH 57i-ajire6poH. Mbi 6yfleM Ha3BiBaTB roMOMop4)H3M 

(2.1.1) f:A^*M 

jieBOCTopoHHHM HJIH T*-npe/i;cTaBJieHHeM r2i-ajire6pBi A b ri2-ajire6pe M 

□ 

Onpe^ejiGHHe 2.1.5. IlycTb na MHOJKecTBe M* onpeflejiena cipyKiypa f2i-aji- 
re6pBi ([1]). IlycTb A HBjiJieTCH fJi-ajireGpoH. Mb: 6y;i,eM nasbiBaTB roMOMop4)H3M 

f:A^M* 

npaBOCTopoHHHM HJIH *r-npeflCTaBJieHHeM rii-ajire6pBi A b f22-ajire6pe 

M □ 

Mbi pacnpocTpaHHM na Teopnio npe/i,CTaBjieHHH corjiameHHe, onncaHHoe b 3a- 
MeiaHHH [5]-2.2.15. Mbi M0»ceM 3anHcaTb npmuxmi /i,BOHCTBeHHOCTH b cjie/iyiomeH 
4)opMe 



^'^EcjiH MHO>KecTBO onepaLi,iifl n2-ajire6pbi nycTO, to t HBjiHeTca OToSpajKCHHeM. 



7 



8 



2. npcflCTaBjicHHC yHHBcpcajibHOH ajirc6pt.i 



TeopeMa 2.1.6 (npiiHii,Hn flBOiiCTBeHHOCTH). JlmSoe ymeepatcdeHue, cnpaeedAueoe 
dAM T-k-npedcmaeAeHUJi fli-aA8e6pu A, 6ydem cnpaeednueo Oam -kT -npedcmaene- 
HUR Qi-aAge6pu A. 

SaMGHaHHe 2.1.7. CymecTByeT flBe (jjopMM sanHCH npeo6pa30BaHHH r22-ajire6pbi 
M . EcjiH MBi nojibsyeMCH onepaTopHoii sanHCtio, to npeo6pa30BaHHe A saniicbiBa- 
eTCH B BHfle Aa hjih aA, hto cooTBeTCTByeT T*-npeo6pa30BaHHio hjih *r-npeo6pa- 
soBaHHio. EcjiH Mbi HOjiBsyeMCH 4)yHKii,HOHajibHOH sanHCBK), TO npeo6pa30BaHHe A 
sanHCbiBaeTCH b bh^c A{a) nesaBHCiiMO ot toto, sto T*-npeo6pa30BaHHe hjih *T- 
npeo6pa30BaHHe. 3Ta sanncB corjiacoBana c npHHu,HnoM ;i,BOHCTBeHHOCTH. 

3to saMenaHHe sBjiHCTca ochoboii cjieflyiomero corjiaineHHs. Kor^a mbi hojib- 
syeMCH 4)yHKii,HOHajibHOH saniicbio, mbi ne pasjiinaeM r*-npeo6pa30BaHHe h ★T- 
npeo6pa30BaHHe. Mbi 6yfleM o6o3HaHaTB *M MHO>KecTBO npeoGpasoBanHit ri2-aji- 
reSpBi M. IlycTB na MHOJKecTBe * M onpeflejiena CTpyxTypa f2i-ajire6pBi. ITycTB A 
HBjiaeTCH r2i-a,jirc6pon. Mbi GyflCM nasBiBaTB roMOMopcJjiiSM 

(2.1.2) f ■■ A^ *M 

npe/i;cTaBJieHHeM rii-ajire6pBi A b ri2-ajire6pe AI. 

CooTBeTCTBiie MejKfly onepaTopnoii sanncBio h 4)yHKD;H0HajiBH0H sanncBio op^- 
HOsnaHHO. Mbi moskcm BBiGnpaTB jiio6yio (JjopMy saniicii, KOTopaa yfloSna fljiH h3- 

JIOJKeHHH KOHKpeTHOii TeMBI. □ 



^iiarpaMMa 



M : 



f 



A 

osHa^iaeT, hto mbi paccMaTpHsaeM npeflCTaBjieniie rii-ajire6pBi A. 0To6pa>KeHHe 
/(a) HBjiaeTCH o6pa30M a S A. 

Onpe/i;ejieHHe 2.1.8. Mbi 6y;i,eM nasBiBaTB npe^CTaBjieHiie f]i-ajire6pBi A acj)- 
(JjeKTHBHBiM, ecjiH OTo6pajKeHiie (2.1.2) - h30mop4)H3m 17i-ajire6pBi A b *M . □ 

SaMenaHHe 2.1.9. Ecjih T^-npeflCTaBjieniie f2i-ajire6pBi seJjcJjeKTHBHO, mbi mojkgm 
OTO>KflecTBjiaTB sjieMCHT rii-ajire6pBi c ero o6pa30M h 3aniiCBiBaTB r*-npeo6pa30- 
BaHiie, nopo^KflCHHoe 3jieMeHT0M a G A, b cjDopMe 

v' ~ av 

Ecjih *T-npeflCTaBjieHHe f2i-aj[re6pBi acJxJjeKTHBHO, mbi mojkcm OTOJKflecTBjisTB 
sjieMBHT rii-aj[re6pBi c ero o6pa30M h sanncBiBaTB *T-npeo6pa30BaHHe, nopojK- 
;i,eHHoe sjieMCHTOM a €z A, b (JjopMe 

v' = va 

□ 

Onpe/i,ejieHHe 2.1.10. Mbi Gy^eM Ha3BiBaTB npeflCTaBjienHe rii-ajire6pBi ipan- 
3HTHBHBIM, ecjiH p^jisi jiioSbix a,b €V cymecTBycT TaKoe g, ^to 

c^ = fi9m 

Mbi 6y;i,eM Ha3BiBaTB npeflCTaBjieniie fii-ajireGpBi o/i,HOTpaH3HTHBHBiM. ecjiii oho 

TpaH3HTHBHO H ScJxJjeKTHBHO. □ 
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TeopeMa 2.1.11. T-k-npedcmaeAenue odHompaHsumueHO mozda u moMbKO mozda, 
Kozda dAJi AwBux a,b £ M cymecmeyem odno u moAbKO odno g G A maKoe, umo 

^OKASATEJlbCTBO. CjieflCTBHe onpeflejieHHH 2.1.8 H 2.1.10. □ 
2.2. Mop4)H3M npeflCTaBJieHHH yHHsepcajiBHoii ajire6pM 
TeopeMa 2.2.1. Uycmb A u B - VLi-aAze6pu. UpedcmaeAeHue rii-aAze6pu B 

g:B^*M 

u zoMOMopcfjuaM fli-aAze6pu 
(2.2.1) h:A^B 
onpedeAsimm npedcmaeAenue f Qi-aAze6pu A 

f 




^OKASATEJibCTBO. OToSpajKCHHe / HBjiHeTCH roMOMop(|)H3MOM f]i-ajire6pi>i 
A B r2i-ajire6py *M, trk krk OTo6pa}KeHHe g HBjiaeTCH roMOMop4)H3MOM f2i-aji- 
reSpbi B B f7i-ajire6py *M. □ 

EcjiH Mbi HsynaeM npeflCTaBjienHe S7i-ajire6pbi b f72-ajire6pax M h N, to nac 
HHTcpecyiOT OToGpajKeHHH H3 M B TV, coxpaHHiomHe CTpyKTypy npeflCTaBjieHHH. 

Onpe/i;ejieHHe 2.2.2. IlycTb 

f -.A^ *M 

npeflCTaBjieHHe rii-ajire6pi>i A b ri2-ajire6pe M h 

g: B 

npeflCTaBjiCHHe f2i-ajire6pi>i B b r22-ajire6pe N . Ilapa OToSpajKeHiiii 

(2.2.2) {r : A^ B,R: M ^ N) 

TaKHX, HTO 

• r - roMOMop4)H3M rii-ajire6pbi 

• R - roMOMop4)ii3M ri2-ajire6pM 
• 

(2.2.3) Ro f{a) = g{r{a))oR 

Ha3biBaeTca mop4)H3mom npeflCTaBJieHHii h3 / b Mbi laKace 6yp<SM roBopiiTb, 
HTO onpeflCjieH MopcJjHSM npe/i,CTaBJieHHii fii-ajire6pBi b ri2-ajire6pe. □ 

^jiH npon3BOjibHoro m G M paBCHCTBO (2.2.3) HMeei bh^ 

(2.2.4) R{f{a){m)) ^ g{ria)){R{m)) 
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SaMenaHHe 2.2.3. Mm mo^kcm paccMaTpiiBaTb napy OTo6pa}KeHHH r, R KaK oto6- 
pajKeHHe 



HosTOMy B ;i,ajibHeflineM mh 6y^eM roBopiiTB, hto flano OToGpajKeHiie (r, R). □ 

SaMenaHHe 2.2.4. PaccMOTpHM mop4)H3m npeflCTaBjieHHH (2.2.2). Mm MoaceM 
o6o3HaT^aTb sjiCMeHTbi MHOJKCCTBa -B, nojibsyacb 6yKB0fl: no o6pa3Li,y b £ B. Ho 
ecjiH Mbi xoTHM noKasaTb, hto b HBjiaeTCH o6pa30M sjieMenia a £ A, mbi 6y^eM 
nojib30BaTi>CH o6o3HaHeHHeM r{a). TaKiiM o6pa30M, paBencTBO 



03HaHaeT, hto r(a) (b jicboh nacTH paBencTBa) aBjiHCTCH o6pa30M a G A (b npa- 
Boii nacTii paBCHCTBa) . HojiBsyHCb noflo6Hi>iMii coo6pajKeHiiHMH, mm 6y;i,eM o6o3Ha- 
HaTb sjieMCHT MHOJKecTBa N B Biifle R{m). Mbi 6y;i,eM cjie/i,OBaTB STOMy corjiame- 
HHK), H3yHaa cooTHOineHiiH MejKfly roMOMop4)H3MaMH r2i-ajire6p h OToGpajKeHHHMii 
Me>K^y MHO>KecTBaMH, r^e onpeflejienbi cooTBeTCTBymmHe npeflCTaBjiennH. 
Mbi MO>KeM HHTepnpeTHpoBaTB (2.2.4) ;i,ByMH cnocoSaMn 

• IlycTb npeo6pa30BaHHe /(a) OTo6pa>KaeT m € M b /(a)(m). Tor;i,a npe- 
o6pa30BaHHe g{r{a)) OTo6pa>KaeT R{m) € TV b R{f{a){m)). 

• Mbi MOSKCM npe;i,CTaBHTb mop4)H3m npeflCTaBjienHft h3 / b nojiBsyHCb 
fliiarpaMMOH 



F : A\JM ^ B\JN 



TaKoe, HTO 



F{A) = B F{M) = N 



r{a) = r{a) 



M 



R 



N 




r 



A 



B 



Hs (2.2.3) cjieflyeT, hto flHarpaMMa (1) KOMMyiaTHBHa. 



□ 




h : A 



B 



H : M 



N 



npedcmaeneHuu U3 f e g ydoeAcmeopsiem coomHomeHum 

(2.2.5) H o w(/(ai), /(a„)) - uj{g{h{a^)), g{h{a,,))) o H 

Bam npou360AbHou n-apnou onepav,uu u Q,i-aAge6pu. 
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^OKASATEJTbCTBO. TaK KEK / - rOMOMOpc|3H3M, MH HMeCM 

(2.2.6) H o u{f{ai), /(a„)) = H o /(c^(ai, a„)) 
H3 (2.2.3) H (2.2.6) cjieflycT 

(2.2.7) H o cj(/(ai), /(a„)) = g{h{uj{ai, a„))) o H 
TaK KRK h - roMOMop4)H3M. H3 (2.2.7) cjieflyeT 

(2.2.8) H o c^(/(ai), /(a„)) = .g(w(;i(ai), /i(a„))) o 

TaK KRK g - roMOMop4)ii3M, 113 (2.2.8) cjie^yeT (2.2.5). □ 
TeopeMa 2.2.6. Uycmb omoBpaMcenue 

h:A H:M 

MBMJiemcM Mopcjju,3MOM U3 upedcmaeAeHUM 

f ■.A^*M 

fli-aA3e6pu A e npedcmaeAenue 

g:B^*N 

fli-aA8e6pu B. Ecau npedcmaeAenue f acfjcfjeKmueno, mo omo6paotcenue 

*H : *M *N 

onpedeAennoe paeencmeoM 

(2.2.9) *H{f{a)) = g{h{a)) 
MBAJiemcM zoMOMop(pu3MOM Qi-aAge6pu. 

^OKASATEJibCTBO. TaK KaK npeflCTaBjieHHC / seJxJjeKTHBHO, to p/in Bi>i6paH- 
Horo npeo6pa30BaHHH /(a) Bbi6op sjieMCHTa a onpeflejien o/i,H03HaHHO. CjieflOBa- 
TejiBHO, npeo6pa30BaHHe g{h{a)) b paBencTBe (2.2.9) onpeflejieno KoppcKTHO. 

TaK KaK / - roMOMop4)ii3M, Mbi iBvieeM 

(2.2.10) *if(c.(/(ai),...,/(a„))) =*i/(/(c^(ai,...,a„))) 
H3 (2.2.9) H (2.2.10) cjieflyeT 

(2.2.11) *ff(c.(/(ai), /(a„))) - g{h{L,{ai, a„))) 
TaK KaK h - roMOMop4)H3M. H3 (2.2.11) cjieflycT 

(2.2.12) *H{uj{f{a^), /(a„))) = g{uj{h{a,), /i(a„))) 
TaK KaK g - roMOMopcjDHSM, 

*H{uj{f{a{), /(a„))) = Lo{g{h{a,)), g{h{an))) = uj{* H{f{a,)), *H(f{a^))) 

cjie^eT H3 (2.2.12). Cjie/i,OBaTejibHO, OTo6pa}KeHHe *H HBjiJieTCH roMOMop4)H3MOM 
f2i-ajire6pbi. □ 

TeopeMa 2.2.7. Ecau npedcmaeAenue 

f ■.A^*M 

U,i-aAze6pu A odHompanaumueHo u npedcmaeAenue 

g:B^*N 

fli-aA3e6pu B odnompanaumueno, mo cyuj,ecmeyem MopcfiuaM 
h : A ^ B H : M ^ N 
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npedcmaeneHuu U3 f eg. 

^OKASATEJibCTBO. BBi6epeM roMOMopeJjHSM h. Bbi6epeM sjieMCHT m ^ M 
H sjieMCHT n € N. MTo6bi nocTpoHTb OToSpajKCHHe H, paccMOTpiiM cjieflyiomyio 
;i,HarpaMMy 

H 




Ha KOMMyTaTHBHOCTH pfiarpaMMbi (1) cjie^yeT 

H{am) = h{a)H{m) 

^jia npoHSBOjibHoro m' G M OflHOsna^HO onpeflejien a £ A TaKOii, hto to' = am. 
CjieflOBaTejibHO, mbi nocTpoiijiH OTo6pajKeHHH H, KOTopoe yflOBjieTBopaeT paBen- 
CTBy (2.2.3). □ 

TeopeMa 2.2.8. Ecau npedcmaeACHue 

f : A^*M 

fli-aA8e6pu A odHompaiiaumueHO u npedcmaeACHue 

g:B^*N 

U,i-aAze6pu B odHompaHaumueHO, mo dAsi aadauHozo goMOMopcpuajua U,i-aAze6pu 

h : A 

omo6paatceHue 

H : M 

maKoe, umo (h, H) neAsiemcfi Mop(pu3MOM npedcmaeACHUu U3 f e g, eduHcmeeuHO 
c moHHOcrribm do eu6opa o6pa3a n = H{m) G N 3adaHHOzo DAeMenma m £ M . 

flOKASATEJibCTBO. Hs flOKa3aTejibCTBa TeopeMbi 2.2.7 cjieflyeT, hto Bbi6op 
roMOMopcjansMa h ii sjieMCHTOB m € M, n € N o;i,H03HaHHO onpeflejiaeT OTo6pajKe- 
HHe H. □ 

TeopeMa 2.2.9. Ecau npedcmaeAenue 

f ■.A^*M 

^i-aAze6pu A odHompaH3umu6HO, mo Bam Am6ozo 3HdoMop(^u3Ma Qi-aAge6pu A 
cyiu,ecmeyem 3HdoMop(^u3M 

p ■■ A ^ A P : M ^ M 

npedcmaeAenuM f . 
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flOKASATEJibCTBO. PaccMOTpiiM cjieflyiomyio flHarpaMMy 



M ^ M 

a p{0:) 




yTBepjKflCHHe TeopcMbi HBjiHeTCH cjieflCTBiieM TeopeMbi 2.2.7. □ 
TeopeMa 2.2.10. nycm-b 

f :A^*M 

npedcmaeAenue Q.i-aAze6pu A, 

g:B^*N 

npedcmaejienue fli-ajiee6pu B, 

h:C^*L 

npedcmaeMenue ^li-aAze6pu C. Uycmb onpedeAenu MopcfjusMU npedcmaeAeHuu 
fli-aA8e6pu 

p ■■ A ^ B P : M N 

q:B Q:N 

Tozda onpedejieH MopcpusM npedcmaeAeHuu Qi-aA8e6pu 

r : A ^ C R:M ^ L 

zde r = qp, R = QP. Mu 6ydeM nasueamb MopcjjusM (r, i?) npedcmaeACHUu U3 
f e h npoH3Be;]i;eHHeM mop4)H3mob {p, P) h {q, Q) npe/i;cTaBJieHHH yHHBep- 
cajiBHofi ajire6pti. 
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^OKASATEJibCTBO. Mbi MO»ceM npcflCTaBHTb yTBepjKflCHHe TeopeMbi, nojib- 
syacb ^HarpaMMOii 

Q 




OToSpajKCHHe r HBjiaeTCH roMOMopcJjHSMOM r2i-ajire6piji A b f2i-ajire6py C . HaM 
HaflO noKasaTb, hto napa OTo6pajKeHHii {r,R) y;i,OBjieTBopa:eT (2.2.3): 

R{f{a)m) = QP{f{a)m) 

= Q{9{p{a))P{m)) 

= h{qp{a))QP{m)) 

= h{r{a))R{m) 

□ 

Onpe/i;ejieHHe 2.2.11. flonycTHM A KaTeropHH rii-ajire6p. Mbi onpeflejiHM Ka- 
TeropHio T * A T*-npe;];cTaBJieHHH yHHBepcajibHoii ajire6pM h3 KaTero- 
pHH A. 06'beKTaMH stoii KaTeropiiii HBjiaiOTca T*-npeflCTaBjieHHHMH 17i-ajire6pi>i. 
Mop4)H3MaMH STOii KaTeropHH sbjihiotch mop4)H3mijI r*-npe/i,CTaBjieHHH r2i-ajire6- 
pbi. □ 

TeopeMa 2.2.12. SndoMopcpuaMU npedcmaeAeHun f nopootcdamm noAyzpynny. 

^OKASATEJibCTBO. Hs TeopcMbi 2.2.10 cjicflyeT, ^^to HpoHSBeflemie suflOMop- 
4)H3MOB (j),P), {r,R) npeflCTaBjiemiH / HBjiaeTCH 3HflOMop4)H3MOM {pr,PR) npe/i,- 

CTaBJieHHH /. □ 

Onpe/i,ejieHHe 2.2.13. IlycTb na MHO>KecTBe M onpeflejiena SKBHBajieHTHOCTb S. 
npeo6pa30BaHHe / Ha3biBaeTCH corjiacoBaHHbiM c SKBHBajieHTHOCTbio S, ecjiH 
H3 ycjiOBHS nil = m2(modS') cjieflyei /(toi) = /(m2)(modS'). □ 

TeopeMa 2.2.14. Uycmb na MHOotcecmee M onpedeAena DKeueaAeHmHocmt) S. 
nycmb Ha MHOotcecmee *M onpedeAena fli-aAze6pa. Ecau npeoBpaaoeanufi cozAa- 
coeaHHU c SKeueaAeHmHocmbw S, mo mu mookcm onpedeAumb cmpyKmypy fli- 
aAge6pu Ha MHOotcecmee *{M/S). 

^OKASATEJlbCTBO. IlycTb h = nat S. EcjiH nii = m2 (mods'), to h{mi) = 
h(m2). IIocKOjibKy / G *M corjiacoBaHHO c SKBHsajieHTHOCTbio S, to h{f{mi)) = 
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/i(/(m2)). 3to nosBOJiaeT onpeflejiHTb npeo6pa30BaHHe F corjiacHO npasHjiy 

F(H) = Hf{m)) 
XlycTb w - n-apnaH onepaii,na: Oi-ajire6piji. IlycTi. /i, /„ G *M h 
Fi{[m]) ^ h{h{m)) ... F„([m]) = /i(/nM) 
Mbi onpeflejiiiM onepaii,HK) na MHOJKecTBe *{M/S) no npaeHjiy 

...,F„)[m] = h{u!{fi,...,fn)m) 
3to onpeflejiemie KoppeKTHO, Tax xaK ...,/„) € "^A'Z h corjiacoBanHO c skbii- 

BajieHTHOCTblO 5*. □ 

TeopeMa 2.2.15. Uycmt, 

f ■.A^*M 

npedcmaeMenue fli-aA8e6pu A, 

g:B^*N 

npedcmaeneHue U,i-aAze6pu B. Uycmb 

r : A ^ B R:M ^ N 

Mop(pu3M npedcmaeACHUu us f eg. BoAocitcuM 

s = rr^^ S = RR^^ 

Toada Sah omo6pacHceHuu r, R cyujt,ecmeywm paaAOMcenufi, Komopue mookho onu- 
camb duazpaMMOu 



M/S 



RM 




(1) s ~ ker r neAsiemcfi K0Hgpy3HV,ueu na A. Cyuj,ecmeyem pasAocucenue zo- 
MOMopcfjusMa r 

(2.2.13) r^itj 

j = nat s - ecmecmeeHHUu goMOMopcpusM 

(2.2.14) j{a)=jia) 
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t - U30M0p(f)U3M 

(2.2.15) r{a)=t{j{a)) 
i - BAOMceHue 

(2.2.16) r{a)=i{r{a)) 

(2) S ~ kcr R jiBAJiemcji SKeueaAeHmHocmbm na M. Cyinecmeyem pasAO- 
DKCHue omo6pacHceHUJi R 

(2.2.17) R = ITJ 

J ~ nat S - cmp^eKUfliH 

(2.2.18) J(m) = J(m) 
T - 6ueKv,uJi 

(2.2.19) R{m) ^T{J{m)) 
I - eAOMcenue 

(2.2.20) R{m) = I{R{m)) 

(3) - T-k-npedcmaeAeHue Q,i-aAze6pu A/ s e M/S 

(4) G - T-k-npedcmaeAeHue fli-aAseSpu rA e RM 

(5) (j, J) - Mop(f>u3M npedcmaeAeHuu f u F 

(6) (t, T) - Mop(f)U3M npedcmaeAeHuu F u G 

(7) (t~^,T~^) - Mop<fiu3M npedcmaeAeHuu G u F 

(8) (j,/) - Mop^usM npedcmaeAeHuu G u g 

(9) Cyiu,ecmeyem pa3AocitceHue Mop(fju3Ma npedcmaeACHUu 

(2.2.21) (r,i?) = (*,/)(t,r)(j,J) 

^OKASATEJibCTBO. CymecTBOBaHHe ;];iiarpaMM (1) h (2) cjieflyeT h3 TeopcMbi 
11.3.7 ([8], c. 74). 

Mbi HaHHeM c flHarpaMMbi (4). 

IlycTb mi = 7712 (mod S). CjieflOBaTejibHO, 

(2.2.22) R{mi)^R{m2) 
EcjiH fli = a2(mods), to 

(2.2.23) r(ai)=r(a2) 

CjieflOBaTCjibHO, j{ai) — j{a2). TaK KaK {r,R) - mop4)H3m npeflCTaBjieHHii, to 

(2.2.24) i?(/(ai)(mi)) = 5(r(ai))(i?(mi)) 

(2.2.25) i?(/(a2)(m2)) -5(r(a2))(i?(m2)) 
H3 (2.2.22), (2.2.23), (2.2.24), (2.2.25) cjie^yeT 

(2.2.26) i?(/(ai)(mi)) = R{f{a2){m2)) 
Ha (2.2.26) cjie^yeT 

(2.2.27) /(ai)(™i) = /(a2)(m2)(mod5) 
H, cjie^OBaTejibHO, 

(2.2.28) J(/(ai)(mi)) = J(/(a2)(m2)) 
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F{j(a)){J{m)) = J(/(a)(m))) 



onpeflejieHO KoppeKTHO h sBjiHCTca npeo6pa30BaHHeM MHOJKecTBa M/ S. 

Hs paeeHCTBa (2.2.27) (b cjiynae oi ~ 02) cjieflyei, ^^to ajih jiio6oro a npeo6- 
pasoBaHHe corjiacoBanHO c 3KBHBajieHTHOCTbio S. H3 TeopcMbi 2.2.14 cjieflyeT, hto 
Ha MHOJKecTBe *{M/S) onpeflejiena CTpyKTypa i7i-ajire6pbi. PaccMOTpHM n-apnyio 
onepan,iiio cj 11 n npeoGpasoBanHii 



Cjie;i,OBaTejibHO, OTo6pa}KeHHe F HBjiaeTCH npeflCTaBjieHHCM rii-ajireGpti A/s. 

Hs (2.2.29) cjieflyeT, ^^to (j, J) HBjiaeTca mopcJjhsmom npe^CTaBjieHHii f 11 F 
(yTBep}K/],eHHe (5) TeopeMbi). 

PaccMOTpHM flnarpaMMy (5). 

TaK KaK T - 6HeKIl,HH, to MBI MOJKCM OTOSCfleCTBHTb SJieMCHTbl MHOJKeCTBa AI / S 
H MHOJKeCTBa MR, npHHCM 3T0 OTOJKfleCTBJieHHe HMeeT BHfl 



MHOJKecTBa RM . npeo6pa30BaHHe (2.2.32) saBHCHT ot j{a) S A/s. TaK KaK t - 

6HeKn,HH, TO Mbl MOJKeM OTO»C/];eCTBHTb ajieMCHTbl MHOJKeCTBa A/s II MHOiKeCTBa 

rA, npmeM sto OTOSKflecTsjieniie hmbbt bh^ 



(2.2.35) w(G(r(ai)),...,G(r(a„)))(i?(m)) = T(L.(F(j(ai),...,F(jK)))(^M)) 



CorjiacHO (2.2.34) onepaLi;HH a; KoppeKTHO onpeflejiena na MHOJKecTBe *RM. Cjie- 
;i,OBaTejibHO, OTo6pajKeHHe G siBjiJieTCH npeflCTaBjieHiieM r2i-ajire6pi>i. 

Hs (2.2.34) cjie;i,yeT, mo {t,T) HBjiJieTCH MopcjDiiaMOM npeflCTaBjienHii F vl G 
(yTBepjKfleHHe (6) TeopeMbi). 

TaK KaK T - 6HeKLi,HH, to 113 paseHCTBa (2.2.30) cjie/iycT 






corjiacHO paBCHCTBy 




(2.2.36) 



J(m) = T-\R{m)) 
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2. npcflCTaBjicHHC yHHBcpcajibHoii ajirc6pt.i 



Mbi MO>KeM aanncaTb npeoGpaaoBauHe G{r{a)) MHOJKecTBa RM b Bime 

(2.2.37) G(r(a)) : R{m) ^ G{r{a)){R{m)) 

TaK KaK T - Ghcki^hh, to mbi MOJKeM onpeflejiiiTb npeo6pa30BaHHe 

(2.2.38) T-\R{m)) T-\G{r{a)){R{m))) 

MHOJKecTBa M/S. IIpeoGpaaoBaHHe (2.2.38) saBiiCHT ot r{a) G rA. TaK KaK t - 
6HeKn,Ha:, to h3 paseHCTBa (2.2.33) cjieflyei 

(2.2.39) j{a) = t-\r{a)) 

TaK KaK no nocTpoenHm fluarpaMMa (5) KOMMyTaTHBna, to npeoSpasoBanHe (2.2.38) 
C0Bna/i,aeT c npeo6pa30BaHHeM (2.2.31). PaseHCTBO (2.2.35) mojkho sanHcaTb b bh- 

(2.2.40) r-i(L.(G(r(ai)),...,G(r(a„)))(i?(m))) =^(i^(j(ai),...,F(j(an)))(J(m)) 

CjieflOBaTCjiBHO, (t~^,T~^) HBjiaeTCH mopcJjhsmom npe^CTaBjiemifi G n F (yTBep- 
jKfleHHe (7) TeopeMbi). 

^HarpaMMa (6) HBjiaeTCH caMtiM npocTtiM cjiynaeM b naineM flOKaaaTejitCTBe. 
IIocKOjibKy OTo6pajKeHHe / HBjiHeTCH BjiosceHneM h flnarpaMMa (2) KOMMyTaTHBHa. 
MM MOJKeM OTO>KflecTBHTb Ti G N vL R(rn) , ecjiH n S ImR. AnajiorKHHO, mbi moskcm 
OTOscflecTBHTb cooTBeTCTByKjmHe npeo6pa30BaHHa. 

(2.2.41) g'(z(r(a)))(/(i?(m))) = IiG{r{amim))) 
c.(g'(r(ai)),...,g'(r(a„)))(i?(m))=/(c.(G(r(ai),...,G(r(a„)))(i?(m))) 

CjieflOBaTejiBHO, (i, /) HBjiHeTca mop4)H3mom npe;i,CTaBjieHiiH G vl g (yTBep>KfleHHe 
(8) TeopeMbi). 

^jiH ;i,OKa3aTejibCTBa yTBepjKflCHHH (9) TeopeMbi ocTajiocb noKasaTb, hto onpe- 
^ejieHHoe b npon^ecce /i,OKa3aTejibCTBa npe^CTaBjieHiie g' coBna/i,aeT c npe/i,CTaB- 
jieHHCM g, a onepaLi;Hii na/i, npeoGpasoBaHHHMH coBna^aiOT c cooTBeTCTByiomHMH 
onepanHHMH aa *N. 

g'iiir{a))){I{R{m))) = I{G{r{a)){Rim))) corjiacHO (2.2.41) 

= I{G{t{j{a)))(T(J{m)))) corjiacHO (2.2.15), (2.2.19) 

= IT{F{j{a)){J{m))) corjiacHO (2.2.34) 

= ITJ{f{a){m)) corjiacHO (2.2.29) 

= i?(/(a)(m)) corjiacHO (2.2.17) 

= g{r{a)){R{m)) corjiacno (2.2.3) 

a;(G(r(ai)), Gir{a^mR{m)) = T{io{F{j{a,), F(j(a„)))( J(m))) 

= T{F{u;{j{ai), ...,jianmJ{m))) 

= T(F(j(c^(ai,...,a„)))(J(™))) 
= T(J(/(c^(ai,...,a„))(m))) 



□ 



2.2. Mop43H3M npcflCTaBjicHHH yHHBcpcajibHOH ajirc5pt>i 
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Onpe/i,ejieHHe 2.2.16. IlycTb 

f ■.A^*M 

npeflCTEBjieHHe f2i-ajire6pbi A, 

g:B^*N 
npeflCTRBjieHHe rii-ajire6pbi B. IlycTb 

r : A ^ B R : M ■ 



Mop4)H3M npeflCTRBjienHH VL3 r B R TaKOH, HTO / - H30Mop4)ii3M r2i-ajire6pbi h g 
- H30Mop4)H3M ri2-ajire6pi>i. Tor^a OTo6pa>KeHHe (r, R) Ha3i>iBaeTCH H30Mop4)H3- 
MOM npeflCTaBJieHHH. □ 

TeopeMa 2.2.17. B paaAootcenuu (2.2.21) omo6pacnceHue {t,T) jieAJiemcM U30- 
Mop(fiu3MOM npedcmaeAeHuu F u G. 

^OKASATEJTbCTBO. CjieflCTBHe onpeflejieHHH 2.2.16 h yTBepjKfleHHft (6) h (7) 
TeopeMbi 2.2.15. □ 

H3 TeopeMbi 2.2.15 cjieflyeT, hto mbi mo^kcm CBecTH 3aflaHy H3yHeHiiH Mop4)ii3- 
Ma npe/i,CTaBjieHHH fii-ajireGpbi k cjiynaio, onncbiBaeMOMy ^HarpaMMOii 



(2.2.42) 



M/S 




TeopeMa 2.2.18. fluazpaMMa (2.2.42) Moatcem 6umb donoAHena npedcmaeAeHU- 
CM Fi fli-aA8e6pu A e MHODfcecmee M/S maK, umo duazpaMMa 

(2.2.43) 




KOMMymamueHa. Bpu smoM MHoatcecmeo npeoBpaaoeanuu npedcmaeAenusi F u 
MHOotcecmeo npeo6pa3oeaHuu npedcmaeACHUJi Fi coenadamm. 
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2. npcflCTaBjicHHC yHHBcpcajibHoii ajirc6pt.i 



flOKASATEJibCTBO. JXjisi /i;0Ka3aTejii>CTBa TeopeMbi floCTaTOHHO nojioJKHTb 

Fi{a) = F{j{a)) 

TaK KaK OTo6pa}KeHHe j - ciopi>eKLi;HH, to Imi<i = liaF. TaK Kax j m F - roMOMop- 
4)H3MM rii-ajire6pbi, to Fi - TaKJKe tomomopcJdhsm rii-ajire6pbi. □ 

TeopeMa 2.2.18 saBepmaeT n,HKji TeopeM, nocBJimeHHbix CTpyKType Mop4)H3Ma 
npeflCTaejieHHii r2i-ajire6pbi. Hs 3thx TeopeM cjie^yeT, hto mbi MOiKeM ynpocTHTb 
aaflany HsyneHHa: Mop4)H3Ma npeflCTaBjieHHii fii-ajireGpti h orpanHHHTbca Mop- 
4)H3M0M npeflCTaBjieHHH BH^a 

id : A ^ A R:M ^ N 

B 3T0M cjiy^ae mbi mojkbm 0T0}K;i,ecTBHTb mop4)H3m (id, R) npe^CTaBjieHHit fli- 
ajire6pbi h OToGpasKenHe R. Mbi Gy^eM nojib30BaTbca fliiarpaMMOii 

M 

f{a) aia) 




A 



fljiH npeflCTaBjieniiH Mop4)H3Ma (id, R) npeflCTaBjieHHH 17i-ajire6pi>i. H3 fliiarpaMMbi 
cjie^yeT 

(2.2.44) Rof{a)^g{a)oR 

Mbi flafliiM cjie^yiomee onpeflejienne no anajiorHH c onpe^ejieHHeM 2.2.11. 

Onpe/i;ejieHHe 2.2.19. Mti onpe^ejinM KaieropHK) T ★ A r*-npe/];cTaBJieHHH 
f2i-ajire6pBi A. OGteKTaMH STOii KaTeropnn sbjihestcji T*-npe/i,CTaBjieHHaMH fli- 
ajire6pbi A. MopcjansMaMH STOit KaTeropiin sbjihiotch Mop4)H3Mbi (id, R) r*-npefl- 
CTaBjieHHH rii-ajire6pbi A. □ 

2.3. Abtomop4)H3m npeflCTaBJieHHH yHHBepcajiBHoii ajireGpBi 
Onpe/i;ejieHHe 2.3.1. IlycTb 

f : A^*M 

npeflCTaBjieHHe r2i-ajire6pbi A b r22-ajire6pe M. Mop4)H3M npeflCTaBjieHiiit fii-aji- 
reSpbi 

{r : A^ A,R: M ^ M) 
TaKoii, HTO r - 3HflOMop4)H3M r2i-ajire6pbi ii R - 3h/i,omop4)H3m r22-ajire6pbi nasbi- 

BaeTCH 3HflOMOpcJ)H3MOM npeflCTaBJieHHH /. □ 

Onpe/i;ejieHHe 2.3.2. IlycTb 

/ : A "> *M 

npeflCTaBjieHHe f2i-ajire6pbi A b f22-ajire6pe Ad . Mop4)H3M npeflCTaBjienHit f2i-aji- 
reSpti 

[r : A^ A,R: M M) 



2.4. npcflCTaBjicHHC rpynnti 
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TaKOH, HTO r - aBTOMop4)H3M fii-ajireGpiji Hi? - aBTOMopcjDHSM f22-ajire6pbi nasbi- 

BaeTCH aBTOMOp4>H3MOM npeflCTaBJieHHH /. □ 

TeopeMa 2.3.3. nycm-b 

f : *M 

npedcmaeAenue U,i-ame6pu A e Q2-o-^^£^P£ M. MHoatcecmeo a6moMop(fiu,3Moe 
npedcmaejieHUH f nopootcdaem Jiyny 2t(/) .^ ■^ 

^OKASATEJibCTBO. IlycTb {r,R), {p,P) - aBTOMop4)H3Mbi npeflCTaBjiemis /. 
CorjiacHO onpeflejieHHio 2.3.2 OToSpajKCHHa r, p hbjihiotch aBTOMopcjDHSMaMH fli- 
ajire6pbi A h OToGpajKenHH R, P hbjihiotch aBTOMopcJjHSMaMH ri2-ajire6pbi M. 
CorjiacHO TeopeMe II. 3. 2 ([8], c. 60) OTo6pa>KeHHe rp HBjiaeTCH aBTOMop(|)H3MOM 
f2i-ajire6pbi A h OTo6pa}KeHHe RP HBjiaeTCH aBTOMopcJjHSMOM r22-ajire6pbi M . Hs 
TeopcMbi 2.2.10 H onpeflejieHHH 2.3.2 cjieflycT, hto npoHSBeflCHHe aBTOMop4)H3MOB 
{rp, RP) npeflCTaBjiCHHH / HBjiaeTCH aBTOMop4)H3MOM npeflCTasjieHHa /. 

IlycTb (r, R) - aBTOMop4)H3M npeflCTaBjieHHH /. CorjiacHO onpeflejiCHHio 2.3.2 
OTo6pa}KeHHe r HBjiaeTCH aBTOMop4)H3MOM f2i-ajire6pbi A h OToSpajKCHHe R hbjih- 
CTCH aBTOMop4)H3MOM r22-a~nre6pbi M. Cjie^OBaTejibHO, OToSpaaceHHe sBjiaeT- 
CH aBTOMop4)ii3MOM r2i-ajire6pbi A h OTo6pa}KeHHe R~^ HBjiaeTCH aBTOMop43H3MOM 
ri2-ajire6pi>i M. P,Jisi aBTOMop(|)H3Ma {r,R) cnpaBefljiHBO paBencTBO (2.2.4). IIojio- 
>KHM a' ~ r(a), m' = R(m). Tax KaK r ii R - aBTOMop4)H3Mbi. to a ~ r~^(a'), 
m = R^^{m') H paBeHCTBO (2.2.4) mojkho 3aniicaTb b bh^b 

(2.3.1) R{f{r-\a'j){R-\m'))) = g{a')im') 

aa TaK xaK OToGpajKeHiie R HBjiaeTCH aBTOMop4)H3MOM r22-ajire6pbi M, to h3 pa- 
BCHCTBa (2.3.1) cjieflyeT 

(2.3.2) f{r~\a')){R~\m')) = Rr\g{a'){m')) 

PaBCHCTBO (2.3.2) cooTBeTCTByeT paBencTBy (2.2.4) fljia OToGpajKenna {r^^,R^^). 
CjieflOBaTCjibHO, OTo6pa>KeHHe (r~^,i?^^) HBjiaeTCH aBTOMop4)H3MOM npe;i,CTaBjie- 

HHH /. □ 

SaMenaHHe 2.3.4. OHeBH^HO, hto mho^kcctbo aBTOMop4)H3MOB r2i-ajire6pbi A 
TaKJKe nopojKflacT Jiyny. KoneHHO, 3aMaH'iHB0 npeflnojiojKHTb, ^ito MHoacecTBO aB- 
TOMopcj3H3MOB nopo>KflaeT rpynny. TaK KaK npoiiSBefleHHe aBTOMop4)ii3MOB f Ti g 
HBjiaeTCH aBTOMop4)H3MOM fg, TO onpeflCJieHbi aBTOMopc|)H3Mbi {fg)h h f{gh). Ho 
H3 3Toro yTBepjKfleHHs He cjieflyeT, hto 

ifg)h = f{gh) 

□ 

2.4. IIpeflCTaBJieHHe rpynnti 

Fpynna - Oflna h3 neMHorHx ajire6p, KOTopaa no3BOjiaeT paccMaTpiiBaTb npoH3- 
Beflenne npeo6pa30BaHiiH MHOJKecTBa M TaKHM o6pa30M, hto ecjiH npeo6pa30BaHiia 
npHHafljiejKaT npeflCTaBjieniiK), to hx npoH3Be;i,eHHe TaKJKe npiiHa;i,jiejKHT npe/;- 
CTaBjieHHK). B cjiyi^ae npeflCTaBjiCHHa rpynn roMOMop4)H3M (2.1.1) mojkct 6biTb 
onpeflejien jih6o KaK 

f{ab) = f{a)of{b) 

^■^OnpeflejieHHe jiynti npHBefleHHO b [4], c. 24, [3], c. 39. 
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2. npcflCTaBjicHHC yHHBcpcajibHoii ajire6pti 



jih6o KEK 

f{ab)^f{b)of{a) 

IIpH 3T0M cjieflyeT noMHHTt, hto nopaflOK OTo6pajKeHHH npH cynepno3HLi;HH sa- 
BHCHT OT nopHflKa OTo6pa}KeHHH Ha ^HarpaMMe h c KaKOii CTopoHbi OTo6pa>KeHHH 
fleficTByiOT Ha sjieMenTbi MHOJKecTBa. 

Onpe/i;ejieHHe 2.4.1. IlycTb *M - rpynna ii 6 - eflHHHii;a rpynnti *M. IlycTb G - 
rpynna. Mbi 6yfleM nasbiBaTb roMOMOp4)H3M rpynn 

(2.4.1) f -.G ^ *M 

KOBapnaHTHMM r*-npe^cTaBJieHHeM rpynnbi G b MHO>KecTBe M, ecjin oto6- 
pajKCHHe / y^OBjieTBopaeT ycjiOBusM 

(2.4.2) f{ab)u^fia)if{b)u) 

□ 

SaMenaHHe 2.4.2. HocKOjibKy OTo6pa}KeHHe (2.4.1) - roMOMop4)H3M, to 

(2.4.3) f{ab)u ^ {f{a)f{b))u 
Mbi 3flecb nojib3yeMca: corjiameHHeM 

.fia)f{b) = f{a) o f{b) 

TaKHM o6pa30M. KOHn,eHn,HH KOsapHaHTHoro npeflCTaBjienHH coctoht b tom, hto b 
KaKOM nopa;];Ke mbi nepeMHOJKaeM sjieMCHTbi rpynnbi, b tom jkc nopaflxe nepcMHO- 
xcaroTCH cooTBeTCTByiom;He Hpeo6pa30BaHHH npeflCTaBjieHiia. Hs paBencTs (2.4.2) 
H (2.4.3) cjieflyeT 

(2.4.4) {f{a)f{b))u = f{a){f{b)u) 

PaBeHCTBO (2.4.4) coBMecTHO c accon,HaTHBHOCTbio nponsBefleHHa npeo6pa30BaHHH 
npe;i,CTaBjiHeT coGofi saKOH accoLi;HaTHBHOCTH flJiH KOBapHaHTHoro T^-ivpef\- 
CTaBJieHHH. 3to no3BOjiHeT 3anHCbiBaTb paBencTBO (2.4.4) Ses iicnojibsOBaHiis cko- 

60K 

f{ab)u = f{a)f{b)u 

□ 

Onpe/i;ejieHHe 2.4.3. ITycTb *M - rpynna n (5 - eflHHHn;a rpynnbi *M . ITycTb G - 
rpynna. Mbi 6yfleM Ha3biBaTb anTiiroMOMOp4)H3M rpynn 

/ : G ^ *M 

KOHTpasapHaHTHbiM T*-npe/i;cTaBJieHHeM rpynnti G b MHOJKecTBe M , ecjiH 
OTo6pa>KeHiie / y;i,OBjieTBopHeT ycjiOBHSM 

(2.4.5) f{ba)u^f{a){f{b)u) 

□ 

Onpe/i;ejieHHe 2.4.4. ITycTb M* - rpynna a 5 - eAHHHii;a rpynnbi M*. ITycTb G - 
rpynna. Mbi 6yfleM Ha3biBaTb roMOMOp4)ii3M rpynn 

(2.4.6) / : G ^ M* 

KOBapwaHTHbiM *T-npe/i;cTaBJieHHeM rpynnti G b MnojKecTBe M, ecjiH oto6- 
pajKCHne / y;i,OBjieTBOpaeT ycjiOBHSM 

(2.4.7) ufiab) = {uf{a))f{b) 



2.4. npcflCTaBjicHHC rpynnti 
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□ 

SaMenaHHe 2.4.5. HocKOJibKy OTo6pa>KeHHe (2.4.6) - roMOMopcjDiiSM, to 

(2.4.8) ufiab) = u{fia)f{b)) 
Ha paseHCTB (2.4.7) h (2.4.8) cjieflyeT 

(2.4.9) uifia)fib)) = (u/(a))/(6) 

PaBCHCTBO (2.4.9) coBMecTHO c accon,HaTHBHOCTijio npoH3Be^eHHH npeo6pa30BaHHH 
npeflCTaBjiHCT co6oh saKOH accoi^naTHBHOCTH flJiH KOBapnaHTHoro ★T-npe^- 
CTaBJieHHH. 3to nosBOJiaeT saniiCBiBaTb paBCHCTBO (2.4.9) 6e3 HcnojiBSOBaHHa cko- 
6oK 

ufiab) ^ uf{a)f{b) 

□ 

Onpe/i;ejieHHe 2.4.6. IlycTb M* - rpynna m 5 - eflHHHLi;a rpynnti * M . IlycTb G - 
rpynna. Mbi 6yfleM HasbiBaTb OTo6pa>KeHHe 

f -.G^M* 

KOHTpaBapnaHTHBiM ★T-npeflCTaBJieHHeM rpynnbi G b MHOscecTBe M, ecjin 
OTo6pa>KeHHe / y;i,OBjieTBopa:eT ycjiOBiisM 

(2.4.10) uf{ba) = {uf{a))J{b) 

□ 

OnpeflejieHHe 2.4.7. Mbi 6yfleM nasbiBaTb npeo6pa30BaHHe 

t: M ^ M 

HeBbipo»c/i;eHHbiM npeo6pa30BaHHeM, ecjiH cymecTByei o6paTHoe OTo6pa}Ke- 
HHe. □ 

TeopeMa 2.4.8. JI^Afi awBozo g G G npeoSpaaoeanue f{g) fieAsiemcfi neeupocuc- 
dcHHUM u ydoeAemeopHem paeencmey 

(2.4.11) f{9-')^f{9)-' 

flOKASATEJIbCTBO. Ha OCHOBaHHH (2.4.5) H 

/(e) = 5 

MBI MO»ceM 3anHcaTb 

u = 5{u) = f[gg-')[u) = f[g)U{g-')[u)) 
3to 3aBepmaeT flOKa3aTejiBCTBO. □ 

TeopeMa 2.4.9. Fpynnoean onepauflin onpedeAsiem dea paaAUHHUx npedcmaeAe- 
HUR Ha zpynne: 

• JleBbiii UAU TTk^-cflBHr f*, 

(2.4.12) ^' -^^(«)^ = «^ 

^ ' b' ^U{a){b)^ab 

M6AJiemcM KoeapuanmHUM T*-npedcmaeAeHueM 

(2.4.13) U{ab) ^ Uia) o Uib) 



24 



2. npcflCTaBjicHHC yHHBcpcajibHoii ajirc6pt.i 



• IIpaBBIH UJIU Tk^T-CflBHr i,t, 



(2.4.14) 



b' = b i,t(a) ~ ha 
b' ^J{a){b) = ba 



(2.4.15) 



MBAJiemcM KoeapuaHiTiHUM -kT -npedcmaeAenueM 
^t{ab) = J{a) o ^t{b) 



/],OKA3ATEJlbCTBO. T*-cflBiir He aBjiHCTca npeflCTaejieHHeM rpynnbi b rpyn- 
ne, TEK KRK npeo6pa30BaHHe t^, ne aBjiHCTCa roMOMOp4)H3MOM rpynnbi. T*-cflBHr 
HBjiaeTCH npeflCTaBjieHHCM rpynnti b MHOJKecTBe, sBjiaiomiiMCH HOCHTCJieM 3toh 
rpynnti. AHajiorHHHoe saMenaHHe sepno pjisi *T-cflBHra. 

PaBCHCTBO (2.4.13) cjie^yeT h3 accoii,HaTHBHOCTH npoH3BefleHHH 



TeopeMa 2.4.10. Uycmb T-k-npedcmaeAenue 

u' = J{a)u 

sieAfiemcsi KOHmpaeapuaHnmuM T-k-npedcmaeAeHueM. Tozda T-k-npedcmaeACHue 



SaMenaHHe 2.4.11. Ecjih npeflnojiojKHTb, ^to Bbi6op c KaKoit CTopoHbi nncaTb 
onepaTop npeflCTasjieHiiH npoHSBOJien, to MOSKei co3flaTbCH BnenaTjieHne, hto mbi 
MOJKeM orpaHmiiTbCH paccMOTpenHeM jih6o T^-npeflCTaBjieHiiii, jiii6o KOBapnaHT- 
Hbix npeflCTEBjieHHii. Pasfleji [5]-5.2 cjiyjKHT xopomeii HjijiiocTpan,HeH, hto pa3Hbie 
4)opMbi npeflCTaBjieHiiH cymecTBenHbi. B Tex cjiynaHx, Korfla neoGxoflHMO yKa3aTi> 
nopsiflOK coMHO>KHTejieH, mbi 6yfleM nojib30BaTi>CH onepaxopHoii 4)opMofl: 3anHCH. 
TeopeMM 2.5.12, 2.5.15 hbjihiotch npHMepaMii, Korfla (J)yHKLi;HOHajiijHaH sanHCb 
HMseT npeHMymecTBO. □ 

Onpe/i,ejieHHe 2.4.12. IlycTb / - T*-npeflCTaBjieHne rpynnti G b MHO>KecTBe M. 
flflsi jno6oro v G M mm onpeflCjiuM op6HTy T*-npe/i;cTaBJieHHH rpynnBi G KaK 

MHOJKeCTBO 



U{ab)c = {ab)c = a{bc) = U{a){U{b)c) = {U{a) o U{b))c 
AHajiornnno flOKasbiBaeTCH paBencTBO (2.4.15). 



□ 




□ 



f{G)v = {w^ f{g)v : g e G} 



□ 



TaK KaK /(e) = (5, to v G f{G)v. 
TeopeMa 2.4.13. Ecau 
(2.4.16) I 



V G f{G)u 



mo 



f{G)u 



.f{G)v 
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^OKASATEJibCTBO. H3 (2.4.16) cjieflycT cymecTBOBaHHe a G G TaKoro, hto 

(2.4.17) v = f{a)u 
EcjiH w e f{G)v, TO cymecTByeT b £ G TaKoii, hto 

(2.4.18) w = f{b)v 
HoflCTaBHB (2.4.17) b (2.4.18), mm nojiyHHM 

(2.4.19) w = fmf{a)u) 

Ha ocHOBamiH (2.4.2) h3 (2.4.19) cjie^yeT, hto w £ f{G)u. TaKHM o6pa30M, 

fiG)v C f{G)u 
Ha ocHOBamiH (2.4.11) h3 (2.4.17) cjie^yeT, hto 

(2.4.20) u:^ f{a)-^v = f{a~^)v 
PaBeHCTBO (2.4.20) 03HaHaeT, hto u £ f{G)v h, cjieflOBaTejibHO, 

f{G)u C f(G)v 

3to 3aBepmaeT flOKa3aTejibCTBO. □ 

TaKHM o6pa30M, T^-npeflCTaBjieHiie / rpynnbi G b MHOJKecTBe M nopojKflaeT 
OTHomeHHe 3KBHBajieHTHOCTH S H opSnTa f{G)u HBjiaeTCH KjiaccoM SKBHsajienT- 
HOCTH. Mbi GyfleM nojii330BaTbCH o6o3HaHeHHeM M/ f{G) /iJisi (JiaKTop MHOJKecTBa 
M/S H MBI 6yfleM nasbiBaTb sto MHOKecTBO npocTpancTBOM op6HT T*-npefl- 

CTaBJieHHH /. 

TeopeMa 2.4.14. Ecau onpedeAenu T-k-npedcmaeAenue fi zpynnu G e mhookc- 
cmee Mi u T-k-npedcmaeAenue /2 zpynnu G e MHOofcecmee M2, mo mu mochccm 
onpede/iumt) npaivioe npoHSBefleHwe TT^-npeflCTaBJieHHii /i h /2 rpynnbi 

/ = A X /2 : G ^ Ml ® M2 

/(.9) = (/i(5),/2(5)) 

^OKASATEJlbCTBO. HtoGbi noKa3aTb, HTO / HBjiaeTCH npeflCTaBjiCHneM, pp- 
CTaTO^iHO noKa3aTb, hto / y;i,OBjieTBopa:eT onpeflejienHio 2.4.1. 

/(e) = (/i(e), /2(e)) -(<5i,<52)=<5 

f{ab)u = {fi{ab)ui, f2{ab)u2) 

= {hia)ihib)m),h{a){Mb)u2)) 
= /(a)(/i(&)wi,/2(6)u2) 
= f{a){f{b)u) 

□ 
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2.5. OflHOTpaHSHTHBHoe T:*r-npe^cTaBJieHHe rpynnBi 

Onpe/i,ejieHHe 2.5.1. Mbi GypfiM HasBisaTB HflpoM neacJxJjeKTHBHOCTH T*- 
npe/i;cTaBJieHHH rpynnBi G MHOscecTBO 

Kf^igeG: fig) = S} 

□ 

TeopeMa 2.5.2. Hdpo HeacpcjjeKmueHocmu T-k-npedcmaeAenu^ zpynnu G - 3mo 
nodzpynna zpynnu G. 

^OKASATEJibCTBO. flonycTHM /(ai) = (S H /(a2) = 5. Tor^a 
f{aia2)u = /(ai)(/(a2)u) = u 

□ 

TeopeMa 2.5.3. T-k-npedcmaeAenue zpynnu G scJjcJjeKTHBHO mozda u moAbKO 
mozda, Kozda sidpo HeacfjcfieKniueHocmu Kf ~ {e}. 

/]^OKA3ATEJibCTBO. YTBepjKfleHHe HBjiseTCH cjieflCTBHeM onpeflejieHHii 2.1.8 
H 2.5.1 H TeopeMbi 2.5.2. □ 

EcjiH fleiicTBHe ne seJjcJjeKTHBHO, mbi mojkcm nepeiiTH k scJ^cjaeKTHBHOMy saivie- 
HiiB rpynnoH Gi ~ G\Kf, nojibsyjiCB cjjaKTopHsai^Heii no sl^py He3(J)c})eKTHBHOCTii. 
3to osHanaeT, ^no mbi MOsceM iiayHaTb tojibko scJx^eKTHBHoe fleiicTBHe. 

Onpe/],ejieHHe 2.5.4. PaccMOipHM T^-npeflCTaBjieHne / rpynnti G b MHO>KecTBe 
M. MajiaH rpynna hjih rpynna CTa6HJiH3au,HH sjieMenTa x G M - 3to MHOJKe- 

CTBO 

G,. = {gGG: f{g)x = x} 
Mbi 6yfleM nasBiBaTb T^-npe^CTaBjieHHe / rpynnti G cbo6o/i;hbim, ecjiH jijisi 
jiK)6oro X e M rpynna CTa6HjiH3an,HH G^ = {e}. □ 

TeopeMa 2.5.5. Ecau onpedeAcno ceoSodnoe T-k-npedcmaeACHue f zpynnu G na 
MHOotcecmee A, mo onpedeAeno eaauMHO odHoaHaunoe coomeemcmeue Mecucdy op- 
6umaMU npedcmaeAenusi, a maKotce MeoHzdy op6umou npedcmaeACHUJi u zpynnou 
G. 

^OKASATEJibCTBO. ^onycTHM ^jiH TOHKH a £ A cyni,ecTByiOT gi, (?2 £ G 
(2.5.1) = /(52)a 

yMHOJKHM o6e HacTH paBeHCTBa (2.5.1) na /(gf ^) 

ITocKOjiBKy npeflCTaBjienne CBo6oflHoe, 171 = 92- TeopeMa flOKasana, raK KaK mbi 
ycTanoBHjiH BsanMno oflHOsnaiHoe cooTBeTCTBHe MejK^y opGnTon n rpynnoii G. □ 

Onpe/i;ejieHHe 2.5.6. Mbi 6yfleM nasBmaTB npocTpancTBO V o/i;Hopo/i,HBiM npo- 
CTpancTBOM rpynnBi G, ecjin mbi HMeeM o/i,HOTpaH3HTHBnoe r*-npe/i,CTaBjieHHe 
rpynnBi G na T^. □ 
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TeopeMa 2.5.7. Ecau mu onpedeAUM odHompaHsumueHoe KoeapuanmHoe nped- 
cmaeACHue f zpynnu G na MHOBOo6pa3uu A, mo mu momccm odHoanaHHO onpede- 
Aumb KoopduHamu na A, noAbsyjicb KoopdunamaMU na zpynne G. 

EcAU f - KoeapuanmHoe T*-npedcmaeAeHue, mo f{a) OKeueaAenmHO T-k-cdeu- 
zy ti,{a) Ha zpynne G. Ecau f - KoeapuanmHoe -kT -npedcmaeAenue, mo f(a) dkbu- 
eaAenmno -kT-cdemy *i(a) na zpynne G. 

^OKASATEJTbCTBO. Mbi Bbi6epeM TO^Ky V G A Ti onpeflejiHM KOopflnnaTbi 
TOHKH w € A KRK KOop/^iiHaTbi fl G G TRKoro, HTO w — f{a)v. Koop;i,HHaTiji, 
onpe/i,ejieHHbie trkhm o6pa30M, oflHOSHanHbi c tohhoctbio ;i,o BbiSopa na^iajibHOH 

TOHKH V £ A, TaK KaK flCHCTBHe ScJjcJjeKTHBHO. 

EcjiH / - KOBapnaHTHoe r*-npeflCTaBjieHHe, mbi 6yfleM nojibSOBaTbca aanncbio 

f{a)v = av 

TaK KaK sanHCb 

f{a)U{h)v) = a{hv) = {ah)v = f{ab)v 
coBMecTHMa c rpynnoBoit CTpyKTypoii, mbi biijivim, hto KOBappiaHTHoe T*-npe/i,CTaB- 
jieHHe / SKBiiBajiCHTHO r*-cflBiiry. 

EcjiH / - KOBapiiaHTHoe *T-npeflCTaBjieHHe, mbi Syp^em nojibsOBaTbca saniicbio 

vf{a) = va 

TaK KaK sanHCb 

ivf{b))f{a) = {vb)a = viba) = vf{ba) 
coBMecTHMa c rpynnoBOH CTpyKTypoii, mbi BiifliiM, ^^to KOBapnaHTHoe *T-npeflCTaB- 
jieHHe / SKBHBajieHTHO *T-cflBHry. □ 

SaMenaHHe 2.5.8. Mbi 6yfleM sanHCbiBaTb T*-KOBapHaHTHoe seJxJjeKTHBHoe npe/i,- 
CTaBjieniie rpynnti G b cjaopMC 

v' = ti,(a)v = av 
Op6HTa 3Toro npe/i,CTaBjieHHa: HMceT bh/i, 

Gv = U{G)v 

Mbi 6ypfiM nojibsOBaTbca o6o3HaT^eHHeM AI/ti,{G) fljiH npocTpancTBa op6HT Ti^- 
KOBapHaHTHoro scJxJjeKTHBHoro npeflCTaBjieHHH rpynnbi. □ 

SaMGMaHHe 2.5.9. Mbi 6y^eM saniicbiBaTb Tk-T-KOBapiiaHTHoe 34)4)eKTHBHoe npe/i,- 
CTaBjieHHe rpynnbi G b cjaopMe 

v' = v i,t{a) — va 
OpGnia 3Toro npeflCTaBjienna: HMeeT bh/i, 

vG = V ^t{G) 

Mbi 6yfleM nojibsOBaTbca o6o3HaTreHHeM M / i,t{G) fljia: npocTpancTBa op6iiT Tk-T- 
KOBapiiaHTHoro 34)4)eKTHBnoro npe^CTaBjieniiH rpynnbi. □ 

TeopeMa 2.5.10. Ceo6odHoe T-k-npedcmaeAenue 3<^(^eKmueno. Ceo6odnoe T-k-nped- 
cmaeAenue f zpynnu G e MHOotcecmee M odnompanaumueHO na opOume. 

^OKASATEJibCTBO. CjieflCTBiie onpcflejienHH 2.5.4. □ 

TeopeMa 2.5.11. T*- u -kT-cdeuzu na zpynne G nepecmanoeouHu. 
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2. npcflCTaBjicHHC yHHBcpcajibHoii ajire6pti 



flOKASATEJTbCTBO. 3to cjicflCTBHe accoii,iiaTHBHOCTH rpynnti G 
{U{a) o Jib))c = a{cb) = {ac)b = o U{a))c 

□ 

TeopeMa 2.5.11 MOJKeT 6biTb ccjiopMyjinpoBana cjieflyiomHM o6pa30M. 

TeopeMa 2.5.12. Uycmb G - apynna. /I^aji awBozo a G G omo6pacnceHue (id, i*(a)) 
jiBMJiemcM a6moMop(f>u3MOM npedcmaeACHUJi i,t. 

flOKASATEJibCTBO. CorjiacHO TeopcMe 2.5.11 
(2.5.2) U{a)o^t{h)=^t{h)oU{a) 

PaeeHCTBO (2.5.2) coBnaflaei c paBCHCTBOM (2.2.3) h3 onpeflejienHH 2.2.2 npH ycjio- 
BHH r = id, R = i^(a). □ 

TeopeMa 2.5.13. Ecau mu onpedeAUAU odiiompaHaumueHoe KoeapuanmHoe T*- 
npedcmaeAenue f zpynnu G na MHOzoo6pa3uu M , mo mu mocuccm odnosHaHHO 
onpedeAumt odHompaHaumueHoe KoeapuanmHoe -kT -npedcmaeAenue h gpynnu G 
Ha MHOzoo6pa3UU M maKoe, umo duazpaMMa 



h(a) 

M 



fib) 



fib) 



M — 

h{a) 

KOMMymamuBHa Oasi Am6ux a, h G G.^'^ 

^OKASATEJlbCTBO. Mbi 6yfleM nojiBSOBaTbCH rpynnoBMMH KOopflHHaTaMH fljia 
TOHCK V € M. Tor;i,a corjiacHO TeopeMe 2.5.7 mbi MOJKeM aanncaTb T*-cflBHr tn{a) 
BMecTO npeo6pa30BaHiia /(a). 

IlycTB TOHKH vq,v G M. Tor^a mbi MOJKeM naiiTH o^ho h tojibko o^ao a G G 
TaKoe, ^iTO 

V ~ voa = Vo *t{a) 

Mbi npeflnojiojKHM 

h{a) = i,t{a) 

CymecTByeT b G G xaKoe, hto 

Wo = f{b)vo = U{b)vo w = f{b)v = t-i,{b)v 
CorjiacHO TeopeMe 2.5.11 ^narpaMMa 



h(a)— ^t(a) 

(2.5.3) vo^^ '-l^v 

f{b}=t,{b) 
Wo ■ 



fib)=t,ib) 



h(a)— j,t{a) 



KOMMyTaTIIBHa. 

HsMeHSH b MBI nojiyHHM, hto wq - 3to npoHSBOJiBHaa TOHKa, npiiHafljiejKamaa: 

M. 



'^'^Sto yTBepiHi^eHHe mo^cho xaKiace HafiTH b [2]. 
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Mbi BHflHM H3 fliiarpaMMbi, HTO, ecjiH Wo = V than wo = w n cjieflosaTejibHO 
h(e) ~ 5. C APyroH CTopoHbi, ecjiH vq ^ v, to wq =/: w noTOMy, hto T^-npeflCTaB- 
jienne / oflHOTpansHTHBHO. Cjie/ioeaTejiBHO *T-npeflCTaBjieHiie h scJxJseKTHBHO. 

TaKiiM JKC o6pa3aM mh MOsceM noKasaTb, hto ^jih flanHoro wq mbi MO>KeM 
HaftTH a TaKoe, hto w = h(a)wo. CjieflOBaTCjibHO ★T-npeflCTaBjienHe h oflHOTpan- 

3HTHBHO. 

B o6iii;eM cjiynae, npoHSBefleniie npeo6pa30BaHHH T^-npeflCTaBjienHa / ne kom- 
MyTaTHBHO H cjieflOBaTejiBHO TkrT-npeflCTaBjieHHe h otjihhho ot T^-npeflCTaBjieHHa: 
/. TaKHM >Ke o6pa30M mm MOJKeM cos^aTb TT^-npeflCTaBjieHiie /, nojitsyHCb ★T- 
npeflCTaBjiCHHeM h. □ 

Mbi 6yfleM naabiBaTb npe^CTaBjieHHa f n h napHbiMH npeflCTaBjieHHaMH 
rpynnBi G. 

SaMenaHHe 2.5.14. OneEHflHO, hto npeo6pa30BaHHa t^,{a) h *i(a) OTjinnaiOT- 
CH, ecjiH rpynna G Hea6ejieBa. TeM ne Menee, ohh sbjihiotch OTo6pajKeHHa:MH na. 
TeopeMa 2.5.13 yTBepjKflaeT, hto, ccjih o6a npeflCTaBjieHHH *T- h T-k-c^Bll^a cy- 
mecTByiOT Ha MHoroo6pa3HH M, to mbi MOsceM onpe;i,ejiHTb flBa nepecTaHOBO^^- 
Hbix npeflCTaBjiCHHH Ha MHoroo6pa3HH M. Tojibko T*- hjih *T-cflBHr ne MOSKei 
npeflCTaBjiHTb o6a THna npeflCTaBjienHH. MtoSbi noHHTb noneMy sto TaK, mm mo- 
>KeM ii3MeHHTb fivLaTpsLMMy (2.5.3) H npe/i,nojiO}KHTb h{a)vo ~ ti,{a)vQ = v bmbcto 
h{a)vQ = voi,t{a) — v vl npoaHajiH3HpoBaTb, Kaxoe BbipajKeHHe h(a) hmcct b TOHKe 
wq. /],HarpaMMa 



f{b)=t,ib) 



Wo ■ 



SKBHBajieHTHa flHarpaMMe 



Vo 



h(a) 
h(a)=t„(a) 



■ W 



Wo ■ 



h(a) 



□ 



H Mbi HMeeM w = bv = bavo = bab'^wo- CjieflOBaTCjibHO 

h{a)wo — {bab~^)wo 

Mm bh;i,hm, hto npe;i,CTaBjieHHe h 3aBHCHT ot ero apryMCHTa. 

TeopeMa 2.5.15. Uycm'b f u h - napnue npecmaeAenu^ apynnu G. JJaji awBozo 
a E G omo6pajtceHue {id,h{a)) Renfiemcsi aemoMopcpusMOM npedcmaejieHusi f. 

^OKASATEJibCTBO. CjieflCTBHC TeopcM 2.5.12 H 2.5.13. □ 
SaMenaHHe 2.5.16. Cym,ecTByeT jih aBTOMop4)H3M npeflCTaBjiCHHH i^,, otjihhhmh 

OT aBTOMOp43H3Ma (id, i,t{a))7 EcjIH MM nOJIOJKHM 

'"(5) = C9C~^ 
R{a){m) = c'mac~^ 

TO HeTpy/i,HO y6e/i,HTbCH, hto OToGpajKenHe {r,R{a)) HBjiHeTCH aBTOMop(|)H3MOM 
HpeflCTaBjieHHH tj,. □ 
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2.6. BasHC T*-npeflCTaBjieHHH 
OnpeflejieHHe 2.6.1. XlycTb 

f ■.A^*M 

npeflCTEBjieHHe fii-ajire6piji A b 5l2-ajire6pe AI. Mno^KecTBO N C M nasbiBaeTCH 
CTa6HJibHbiM MHO»c;ecTBOM npe^CTaBJieHHH /, ecjiH f{a){m) £ N fljiH jiio6bix 
a e A, m € N. □ 

Mbi TaKJKe 6yfleM roBopHTb, ^to MHOJKecTBO M CTa6Hjii>HO OTHOCHTejibHO npe/i,- 

CTaBJieHHH /. 

TeopeMa 2.6.2. Uycm-b 

f : A~>*M 

npedcmaeAenue VLi-aAze6pu A e ri2-aJize6pe M . Ilycmb MHOJHzecmeo N C M sienfi- 
emcM nodajiee6pou fl2-aji8e6pu M u cma6uAbHUM MHoatcecmeoM npedcmaeneHusi 
f . Tozda cymecmeyem npedcmaeAenue 

fN:A^*N 

maKoe, umo fN{a) = /(a)|jv- npedcmaeAenue /jv naaueaemcji noflnpe/i;cTaBjie- 
HHeM npeflCTaBJieHHH /. 

flOKASATEJibCTBO. IlycTb uji - ri-apnaH onepaii;iiH i7i-ajire6pbi A. Tor^a fljia 
jiio6ijIX ai, a„ G a h jiK)6oro b £ N 

^^i(/jv(ai), fN{an)){b) = wi(/(ai), f{a„)){b) 

= /(wi(ai, ...,a„))(&) 

= fNi^^iiai, ...,a„))(&) 

IlycTb - ri-apnaH onepaLi,HH r22-ajire6pbi M. Tor^a ^jih jiio6bix 6i, 6„ £ -/V ii 
jiio6oro a <E A 

^2(/jv(a)(&i), fN{a){bn)) = C^2(/(«)(&l), /(«)(&„)) 

= /(a)(c.2(6i,...,6„)) 

yTBepjKfleHHe TeopeMbi flOKasano. □ 

Hs TeopeMbi 2.6.2 cjiepyei, hto ccjih /at - no;];npe/i,CTaBjieHHe npeflCTaBjieHHH 
/, TO OToSpajKCHHe (id : A A, id^ ■ N — > M) HBjiaeTCH mopcJjhsmom npe^CTaB- 
jieHHii. 

TeopeMa 2.6.3. MnocHcecmeo^ '^ Bf ecex nodnpedcmaeACHUu upedcmaeAenun f 
nopoDfcdaem cucmcMy saMUKanuu na D.2 -aAzeOpe M u, cAedoeamcAbHO, sieAfiemcsi 
noAHOu cmpyKmypou. 

flOKASATEJTbCTBO. IlycTb {K\)xi^f^ - ceMeficTBO noflajire6p 5l2-a-nre6pbi Af, 
CTa6Hjii>Hbix OTHOCHTejiBHO npeflCTaBjieHHH /. OnepaD,Hio nepeceneHUH na MHOJKe- 
CTBC Bf MM onpeflejiHM corjiacno npaBHjiy 

Pi fxx = fr\Kx 

OnepaLi,HH nepecenenHH noflnpe;i,CTaBjieHHH onpe;i,ejieHa KoppeKTHO. r\K\ - noflaji- 
re6pa r22-ajire6pi>i M . IlycTb m G C\K\. jiioSoro A G A h fljiH jiio6oro a e y4, 

^■^3to onpeflejieHHe aHajioriiiHO onpeflejieHHio CTpyKTypbi noflajireSp ([8], cxp. 93, 94) 
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f{a){m) G Kx. CjieflosaTejibHO, f{a){m) G r\K\. Cjie^OBaTejibHO, r\K\ - CTaGHjib- 
Hoe MHOJKecTBO npeflCTaBjieHHH /. □ 

06o3HaHiiM cooTBeTCTByiomiiii onepaiop saMbiKaHHs: ^epes Jf . TaKUM o6pa- 
30M, Jf{X) HBjiaeTCH nepeceneHHeM Bcex noflajire6p r22-a-nre6pbi Af, co^epjKamiix 

X H CTaGHJIbHblX OTHOCHTejIbHO npeflCTaBjieHHH /. 

TeopeMa 2.6.4. Uycm-b^-^ 

f : A^*M 

npedcmaeMeHue Qi-aA3e6pu A e rt2-aA8e6pe Ad. Uycmti X C M. Onpede/iuM nod- 
MHOotcecmeo Xk C M UHdyKV,ueu no k. 

Xo = X 

X e Xk => X e Xk+i 

xi e Xk, ...,a;„ G ^^,0; G => a;„) G Xk+i 

X e Xk,a e A=> f{a){x) G Xk+i 

Tozda 

oo 

y xu = jf{x) 

k=0 

^OKASATEJTbCTBO. EcjiH nojiojKHM U ~ UXk, TO no onpeflejieHHK) Xk HMeeM 
Xq C Jf{X), H ecjiH Xk C Jf{X), TO Xk+i C Jf{X). Ho HHflyKii,HH cjieflycT, hto 
Xk C Jf{X) fljiH Bcex k. CjieflOBaTejiBHO, 

(2.6.1) U C Jf{X) 

EcjiH a G C/", a = (ai,...,a„), r^e G -^^fe;, h ecjiii k = maxjfci, A;„}, to 
uj{ai, an) G Xk+i C U. CjieflOBaTejibHO, U HBjiaeTCH no;i,ajire6pott J72-aJire6pi>i 
M. 

EcjiH m G L/, TO m G f^jisi neKOTOporo k. CjieflOBaTCjibHO, f{a){m) G 
Xk+i C C/ fljiH jiio6oro a G A. CjieflOBaTejibHO, [/ - CTa6Hjii>Hoe MHOiKecTBO npe/i,- 
CTaBjieHiiH /. 

TaK KaK U - no/i,ajire6poH 172-ajire6pi>i M ii CTa6HjibHoe MHOJKecTBO npe^CTaB- 
jieniia /, to onpeflejieno noflnpe/i,CTaBjieHHe fjj. CjieflOBaTejibHO, 

(2.6.2) Jf{X) C U 

H3 (2.6.1), (2.6.2), cjieflyeT Jf{X) ^U. □ 

Onpe^ejieHHe 2.6.5. Jf{X) nasbiBaeTCH noflnpe/;cTaBJieHHeM, nopo>KfleH- 
HbiM MHOJKGCTBOM X , 'A X - MHOJKGCTBOM o6pa3yK)iii,HX no^npeflCTasjieHHH 
Jf{X). B nacTHOCTH, MHOJKecTBOM oSpasyiomHX npe/i,CTaBJieHHH / 6yfleT Ta- 
Koe noflMHOJKecTBO X C M, hto Jf{X) = M . □ 

Onpe/i;ejieHHe 2.6.6. IlycTb X (Z M - MHOJKecTBO o6pa3yioiLi;Hx npeflCTaBjienns 

f : A^*M 

IlycTb OToSpajKeHHe 

[h: A^ A,H : M ^ M) 



2.5- 



yTBep^KflCHHe TeopeMbi anajiorHHRO yTBepjK^eHHio TeopeMti 5.1, [8], CTp. 94. 
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HBJiaeTCH 3HflOMOp4)H3MOM npeflCTEBJieHHa /. IlyCTb MHOJKeCTBO X' ~ HX SBJIH- 

eTCH oGpasoM MHOscecTBa X npH OTo6pajKeHiiH H . 3HflOMop4)H3M (/i, H) npeflCTRB- 
jienna / nasbiBaeTCH HeBbipo»c/i,eHHi>iM Ha MHOJKecTBe oGpasyromHX X, ecjiii 

MHOJKeCTBO X' HBJiaeTCH MHOJKeCTBOM o6pa3yiOIII,HX npeflCTaBJICHHH /. B npOTHB- 

HOM cjiynae, 3HflOMop4)H3M npeflCTaBjiCHHii (ft,, H) naabiBaeTCH BbipojKfleHHMM 
Ha MHOJKecTBe oGpasyromnx X , □ 

Onpe/i;ejieHHe 2.6.7. 3HflOMop4)ii3M npe;i,CTaBjieHHa: / HasbisaeTca: HesBipoxc- 
/i;eHHBiM, ecjiii oh HeBbipojKfleH na jiio6om MHOJKecTBe o6pa3yiOLLi,Hx. □ 

HeTpy;];HO BiifleTB, ^to onpeflCjieHHC MHOJKecTBa o6pa3yioiLi,Hx npe/i,CTaBjieHHa 
He aaBHCHT ot Toro, scJxjDeKTHBHO HpeflCTaBjieHHe hjih hbt. XIosTOMy b flajiBHeiimeM 
Mbi 6y/];eM npeflHOjiaraTb, hto Hpe/i,CTaBjieHHe 34)4)eKTHBHO h 6y/i,eM onnpaTbca na 
corjiameHHe fljiH 34)4)eKTHBHoro T*-npe/i,CTaBjieHHH b saMenanHH 2.1.9. 

Hs TeopeMbi 2.6.4 cjie^ycT cjieflyiomee onpeflejieHHe. 

Onpe/i;ejieHHe 2.6.8. IlycTb X C M. Jlfla jiioSoro x G Jf{X) cymecTByeT 
cjiOBO, onpe^ejieHHoe corjiacHO cjie;i,yiOLLi,eMy npaBHjiy. 

(1) EcjiH m G X, TO TO - 5I2-CJ10BO. 

(2) EcjiH mi, TO„ - i72-cjiOBa h G ^l2{n), to TOi...m„a; - f22-cjiOBO. 

(3) EcjiH m - f22-cjiOBO h a G A, to am - i72-cJiOBO. 

172-cjiOBO w{m, f, X) , npeflCTaBjiHiomee flanHbiii sjieMeHT to G Jf{X), nasbiBa- 
eTCH Koop/i;HHaTaMH sjieMeHTa to othochtgjibho MHOJKecTBa X. 06o3HaHHM 

W{f,X) MHO>KeCTBO KOOp;];HHaT npe^CTaBJIGHHH Jf{X). □ 

HpeflCTaBjieHHe m G A/ b Biifle r22-cjiOBa HeoflHOsnaHHO. Ecjiii toi, m„ - 
172-cjiOBa, Lu G il2("-) II a G A, TO r22-cJiOBa aTOi...TO„aj h aTOi...aTO„aj onHCbiBaiOT 
o^iiH II TOT jKe 3JieMeHT r22-8"nre6pi>i M. Bosmojkhbi paseHCTBa, CBasaHHbie co cne- 
ii;H4)iiKoii npeflCTaBjieHHH. HanpHMep, ecjiH uj aBjiaeTca onepau^iiefi J7i-ajire6pi>i A 
H onepaD;iieii f22-a'Jire6pi>i M, to mbi mojkcm noTpeGoBaTb, hto r22-cJi0Ba ai...a„a;a; 
II aix...anXUJ onHCbiBaiOT o^hh h tot ace sjieivieHT r22-aJire6pM M . IlepeHHCJieHHbie 
Bbinie paBBHCTBa onpeflejiaiOT OTHonieniie 3KBHBajieHTH0CTii na MHoacecTBC VL2- 
CJIOB Mn^ . 

TeopeMa 2.6.9. SndoMopcpusM (r, R) npedcmaeAenuM 

f : A^*M 
nopoDfcdaem omo6pacitceHue Koopduiiam 

w{f,r,R,X):W{f,X)^W{f,X') XcM X' = R{X) 
maKoe, umo 

(1) EcAU TO G X, to' ~ R{m), mo 

'w{f, r, i?, X){m) = to' 

(2) EcAu 

mi, ...,TO„ G Wf{X) 
m'l ^ w{f,r,R,X){mi) ... m'^ = w{f,r, R, X){mn) 
mo Sasi onepav,uu cj G ri2 (n-) cnpaeedAueo 

w{f,r,R,X)(rni...m„uj) — m'i...m'^u! 
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(3) ECAU 

m e W{f, X) m' = w{f, r, R, X){m) 
a € A a' = r{a) 

mo 

w{f, r, R, X)(am) = a'm! 

^OKASATEJTbCTBO. YTBepjKfleHHa: (1) , (2) TeopeMbi cnpaBefljiiiBbi b CHjiy onpe- 
^ejiCHHH 3HflOMop4)H3Ma R. YTBepiKfleHHe (3) TeopeMbi cjie^yeT ii3 paBCHCTBa (2.2.4). 

□ 

TeopeMa 2.6.10. nycm-b 

f : *M 

npedcmaeAenue U,i-aAze6pu A e Q,2-aAze6pe M . Uycmb omo6paaiceHue 

r : A^ A 

MBAJiemcM andoMopcfjusMOM fli-aAge6pu A. /Jam sadauHux MHOCHcecme X C M, 
X' C M nycmb omoGpaoKenue 

Ri:X^X' 

coBAacoeaHO co cmpyKmypou fl2-aA8e6pu M, m. e. Baji dauHou onepavflLU uj G 
^2{n), ecAU 

Xi, ...,Xn,Xi...Xn(^ G X 

mo Ri{xi...Xnt^) — Ri{xi)...Ri{xn)uj. PaccMompuM omo6pacHceHue Koopdunam 

w[r,Ri,X):W{.f,X)^W{f,X') 
ydoeAemeopfimvuee ycAoeusiM (1), (2), (3) meopcMU 2.6.9. Cym,ecmeyem sndoMop- 

R:M^M 

onpedeAeHHUu npaeuAOM 

(2.6.3) i?(m) = u,(/, r, i?i , X){w{m, /, X)) 

u omo6pacHceHue {r, R) sieAfiemcsi MopcjjusMOM npedcmaeAHCHUu Jf{X) u Jf(X'). 

^OKASATEJTbCTBO. Mbi 6yfleM flOKasbiBaTB leopeMy HHflyKi^Heii no cjiojkho- 
CTH r22-cJiOBa. 

EcjiH w{m, f, X) = m, TO m £ X . CoraacHO ycjiOBHio (1) TeopeMbi 2.6.9, 

R{m) = w{r,Ri,X){w{m,X)) = w{r,Ri,X){m) = Ri{m) 

CjieflOBaTejibHO, na MHOJKecTBe X OToSpajKenns R ii i?i coBnaflaiOT, ii OTo6pa}Ke- 
Hiie R corjiacoBaHO co CTpyKTypoit f22-a'Jire6pbi. 

ITycTb bj G ^2{n). HycTb npeflnojiOJKeHiie HHflyKn,iiH Bepno ;i,jih mi, to„ G 
Jf{X). IlycTb wi = w{mi, X), Wn = w^rrim X). Ecjiii m = mi...m„u;, to 
corjiacHO ycjiOBHio (2) onpeflejieHHa 2.6.8, 

w{m, /, X) = Wl...WnU! 

CorjiacHO ycjiOBiiio (2) TeopeMbi 2.6.9, 

R{m) = w{r, Ri, X){w{m, X)) ~ w{r, Ri, X){wi...WnUj) 
= w{r,Ri,X){wi)...w{r, Ri,X){w„)uj 
= R{mi) ...R{mn)u! 
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CjieflOBRTejibHO, OTo6pa}KeHHe R aBjiaeTCH SHflOMopcjjHSMOM r22-ajire6piji M. 

IlycTb npeflnojiojKeHHe HHflyKi^HH Bepno f^jisi m £ Jf(X), w{m,X) = Wm- 
IlycTb a G A. CorjiacHO ycjiOBHio (3) onpeflejiCHHH 2.6.8, 

w{am,X) = awra 

CorjiacHO ycjiOBHio (3) TeopeMbi 2.6.9, 

R{am) = w{r, X){w{am, X)) ~ w{r, Ri, X)(aWm) 

= r{a)w{r, Ri, X){wm) = r{a)R{m) 

Ha paBCHCTBa (2.2.4) cjie^yeT, hto OToGpajKeHiie (r, R) aBjiaeTca mop4)H3mom npe^- 

CTaBJieHHH /. □ 

TeopeMa 2.6.11. AemoMopcpuaM {r,R) npedcmaeAeHUJi 

f : A^*M 

ReAHemcsi HeeupocHcdeuHUM 3HdoMop(f>u3MOM. 

^OKASATEJibCTBO. IlycTb X - MHOJKecTBO o6pa3yiomHx npeflCTaBjieHHH /. 
nycTb X' = R{X). 

CorjiacHO leopeMe 2.6.9 3h/i,omop4)H3m {r,R) nopojKflaeT OTo6pajKeHHe Koop- 
flHHaT w(/, r, i?, X). 

IlycTb m' G Ad . TaK KaK R - aBTOMOpcJjHSM, to cymecTByeT m G A/, R{m) ~ 
m' . CorjiacHO onpeflejienHio 2.6.8 w{m, X) - KOopflHuaTbi m OTHOCHTejibHO MHOJKe- 
CTBa oSpasyiomiix X. CorjiacHO xeopeMe 2.6.10, 

w{m',X') = w{f, r, R, X){w{m, X)) 

KOopfliiHaTbi m' OTHOCHTejibHO MHOJKCCTBa o6pa3yiOHi;Hx X'. Cjie/i,OBaTejibHO, X' 
- MHOJKecTBO o6pa3yion],Hx Hpe;i,CTaBjieHHH /. CorjiacHO OHpe;i,ejieHHio 2.6.7, aBTO- 

MOp4)H3M (r, R) - HeBbipOJKfleH. □ 

EcjiH MHOJKecTBO X C M sBjiaeTCH MHOMcecTBOM o6pa3yioni,Hx HpeflCTaBjieHHH 
/, TO jiio6oe MHOJKecTBO Y , X G Y G M TaKJKC HBjiaeTCH MHOJKecTBOM o6pa3yio- 
Hi,Hx npe;],CTaBjieHHH /. Ecjih cyn;ecTByeT MHHHMajibHoe MHOJKecTBO X, nopojKfla- 
lomee HpeflCTaBjieHHC /, to TaKoe MHOJKecTBO X Ha3biBaeTCH 6a3HCOM npe^cTas- 

JieHHH /. 

TeopeMa 2.6.12. MHOotcecmeo o6pa3ywiu,ux X npedcmaeAeHUfi f MSAJiemcM 6a- 
3UC0M mozda u moAtKO mozda, Kozda Bam Am6ozo m G X MHOotcecmeo X \ {m} He 
MBAJiemcji MHoatcecmeoM oBpasymvuux npedcmaeACHUfi f . 

flOKASATEJibCTBO. IlycTB X - MHOJKecTBO o6pa3yron];Hx paccjioennH /. JJp- 
HycTHM fljiR HeKOToporo m G X cym,ecTByeT cjiobo 

(2.6.4) w = wimJ,X\{7n}) 
PaccMOTpiiM ajieMCHT m' , pjisi KOToporo cjiobo 

(2.6.5) w' = w{m'J,X) 

3aBHCHT OT 771. CoTjiacHO OHpcflCjieHHio 2.6.8, jiio6oe Bxox^fiemie m b cjiobo w' 

MOJKCT SblTb SaMCHCHO CJIOBOM W. CjieflOBaTCJIBHO, CJIOBO w' HC 3aBHCHT OT 771, a 

MHOJKCCTBO X \ {m} HBjiHeTCH MHO^KCCTBOM o6pa3yioiLi,Hx Hpe/I,CTaBJieHHH /. CjIC- 
;i,OBaTejibHO, X ne HBjiaeTCH 6a3HCOM paccjiocHHH /. □ 
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SaMenaHHe 2.6.13. ^OKasaTejibCTBO TeopcMbi 2.6.12 ^acT hem 34)4)eKTiiBHijiH 
MeTo;; nocTpoeniiH 6a3Hca npeflCTaBjiCHHa /. BbiSpaB npoH3BOjibHoe MHOiKecTBO 
o6pa3yiOLLi,Hx, mbi mar sa maroM HCKjiio^iaeM le sjieMCHTbi MHOJKecTBa, KOToptie 

HMeiOT KOOpflHHaTbl OTHOCHTejIBHO OCTajIBHBIX SJICMeHTOB MHOJKeCTBa. EcjIH MHO- 

>KecTBO o6pa3yiomnx npeflCTaBjieHHH 6ecKOHeHHO, to paccMOTpeHnaa onepai^iia mo- 
>KeT He HMeTb nocjie^Hero inara. Ecjih npe;i,CTaBjieHHe iiMeex KoneHHoe mho^kcctbo 
oGpaayEDmiix, to aa KOHCHHoe hhcjio inaroB mm MOJKeM nocTpoHTb GasHC SToro 
npe/i,CTaBjieHHa. 

KaK OTMeTHji KoH B [8], CTp. 96, 97, npe^CTaBjieHne mojkct hmctb nesKBHBa- 
jieHTHbie 6a3HCbi. Hanprnviep, i^iiKjinHecKaa rpynna mecToro nopa/jKa HMeeT 6a3H- 
cbi {a} H {a^,a'^}, KOTopbie Hejib3a: OTo6pa3HTb oflim b flpyrofi 3HflOMop(J)H3MOM 
npeflCTaBjiCHHa. 

TeopeMa 2.6.14. AemoMop(pu3M npedcmaeAeHUJi f omo6pacHcaem 6a3uc nped- 
cmaeACHUfi f e 6a3uc. 

/],OKA3ATEJibCTBO. IlycTb OTo6pa>KeHHe {r, R) - aBTOMopcJjHSM npe^CTaBjie- 
HiiH /. IlycTb MHOJKecTBO X - 6a3HC npeflCTaBjiCHiiH /. IlycTb X' ~ R(X). 

^onycTHM MHOscecTBO X' He HBjiaeTCH 6a3HCOM. CorjiacHO TeopcMe 2.6.12 cy- 
ni,ecTByeT m' g X' TaKoe, hto X' \ {x'} aBjiaeTCH MHoacecTBOM o6pa3yK)iii;Hx npefl- 
CTaBjiCHHH /. CorjiacHO TeopcMe 2.3.3 OToSpajKCHHC (r^^, R^^) HBjiaeTCH aBTOMop- 
4)H3MOM HpeflCTaBjiemiH /. CorjiacHO TCopeMe 2.6.11 h onpeflCjieHHio 2.6.7, mho^kc- 
CTBO X \{m} HBjiaeTCH MHO>KecTBOM o6pa3yioinHx HpeflCTaBjieHHs /. IIojiyHeHHoe 

HpOTHBOpeHHC flOKa3bIBaeT TCOpCMy. □ 

IlycTb X - 6a3HC npeflCTaBjiemis /. CorjiacHO TeopcMaM 2.6.9, 2.6.10, aBTOMop- 
4)H3M (r, R) HpeflCTaBjieHiiH / oflH03HaHHO onpeflejien OTo6pa>KeHHeM KOop^nnaT 
w{f, r, R, X). ITycTb X' = R(X) - o6pa3 6a3Hca X npn OToGpajKCHmi R. CorjiacHO 
TeopeMe 2.6.14, MHO>KecTBO X' HBjisieTCH 6a3HCOM npeflCTaBjienHH /. 

Onpe/i;ejieHHe 2.6.15. IlycTb X - 6a3iic npeflCTaBjiemiH / ii F C M. OToSpajKe- 
HHe 



V :X ^ W{f, Y) 
II 3HflOMop4)H3M r 5'-ajire6pbi A nopojKflaKiT OTo6pa}KeHHe 

Wir, V):Wif,X)^Wif,Y) 



onpeflejiennyio corjiacno cjieflyioin,iiM npaBHjiaM. 




(2) Ecjih mi, m„ G M. to f^jisi onepan;HH uj £ ^2(71) CHpaBefljiHBO 



W{r, V){w{miJ, X)...w{mn, /, X)io) 
=W{r, V){w{m, , /, X j)...W{r, F)(u;(m„, /, X))io 




□ 
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TeopeMa 2.6.16. Uycmb X - 6a3uc npedcmaeACHUH f . JJ^asi aadauHozo aemoMop- 
(fiu3Ma (r, R) npedcmaeACHUJi f paccMompuM omo6pacHceHue 

V{r, R):xeX^ w{R{x), /, X) e W{f, X) 

AemoMop(pu3M (r, R) npedcmaeAeHUJi nopocucdaem omo6pajtceHue Koopdunam 

(2.6.9) W{f, r, R, X){wim, /, X)) = W{r, V){w{m, /, X)) 
Komopoe ydoBAemeopsiem paeeHcmey 

(2.6.10) WU, r, R, X){w{m, /, X)) - w{R{m), f, X) 
flOKASATEJTbCTBO. Mbi 6y^eM flOKasbiBaTb leopeMy HH^yKi^iiefi no cjiojkho- 

CTH f22-CJIOBa. 

ECJIH TO G X, TO 

(2.6.11) w{mJ,X) = m 

PaBCHCTBO (2.6.10) cjie;i,yeT h3 paseHCTB (2.6.11), (2.6.9), (2.6.6). 

IlycTb TeopeMa Bepna pjia toi, to„ G M. IlycTb uj € fl2{n). Ecjih to G A/, 
TO = mi...TO„cj, TO H3 ycjiOBHH (2) onpeflejieHHs 2.6.8 h paBencTBa (2.6.7) cjie^yeT 

W{f,r,R,X){wimJ,X)) 

=W{f, r, R, X){w{miJ, X)...w{m^J, X)lo) 

=W{r, V){w{m,J, X)...u;(to„, /, X)io) = 

(2.6.12) =W{r, V){w{muf, X))...W{r, V){w{m„J, X))u 

=Wif, r, R, X)(«;(toi, /, X))...Wif, r, R, X)(u;(to„, /, X))u; 

=w{R{mi)J, X)...w{R{mn)J, X)uj 

=w{R{mi...mnUj), f,X) = w{R{m), f,X) 

PaBencTBO (2.6.10) pjia saflatiHoro to cjie^yeT h3 paBencTBa (2.6.12). 

IlycTb TeopeMa Bepna fljiH to G M . ITycTb a G A. Ha ycjiOBiiH (3) onpeflejiennH 
2.6.8 H paBencTBa (2.6.8) cjie^yeT 

Wif,r,R,X)iw{amJ,X)) 

=W{f,r,R,X){aw{mJ,X)) 

=W{r, V){aw{mJ,X)) 

(2.6.13) =r{a)Wir,V){w{m,f,X)) 
=ria)Wif,r,R,X){w{m,f,X)) 
=r{a)w{R{m), f, X) = w{r{a)R{m)J, X) 
=w{R{am)J,X) 

PaBencTBO (2.6.10) fljiH am cjie^yeT h3 paBencTBa (2.6.13). □ 

Hs TeopeMbi 2.6.16 cjieflyeT, hto MHOJKecTBO KOopflimaT w{f,X){r,R) onpefle- 
jiHeT npaBHjio KaK iiSMeHsiOTCs KOopfliinaTbi OTHOCHTejibHO 6a3Hca X npH aBTO- 
MopcJjHSMe npeflCTaBjieHHH /. A iiMenHO, ecjin mbi KajK^oe BxojKflenHe sjieMenTa 
X € X B cjiOBO w^m, f, X) 3aMeHiiM cjiobom w{R{x), f, X)^ to mbi nojiywM cjiobo 
w{R{m), /, X). Mbi 6y;i,eM Ha3biBaTb MHOJKecTBO cjiob 

w{f,X){r,R) = {w{x'J,X) : x' G R{X)} = {w{R{x)J,X) : x e X} 

Koop/i;HHaTaMH aBTOMop4)H3Ma {r,R) npe/i,CTaBJieHHH /. 



2.8. HccKOjibKO npHMcpoB 6a3Hca npcflCTaBjicHHH 
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2.7. MHoroo6pa3He GasHCOB npeflCTaBJieHHH 

MHOJKecTBO B{f) 6a3HCOB npeflCTaBjieHHH / nasbiBaeTca MHoroo6pa3HeM 
6a3HCOB npe^cTaBJieHHa /. 

CorjiacHO xeopeMe 2.6.14, aBTOMopcjDHSM {id,R) npeflCTaBjieHHH / nopojKfla- 
eT npeo6pa30BaHHe MHoroo6pa3iia 6a3HCOB npeflCTaBjieHiiH. 3to npeo6pa30- 

BaHHe Ha3biBaeTCH aKTHBHMM. CorjiacHO TeopeMe 2.3.3, onpeflejieno aKTHBHoe 
npe/i;cTaBJieHHe 

h : ^ *Bif) 
jiynbi B MHoroo6pa3HH 6a3HCOB B{f). 

Abtomop4)H3m (id, S) npe;];cTaBjieHHH /g Ha3i>iBaeTCH naccHBHBiM npeo6pa- 

SOBaHHGM MHOrOo6pa3HH 6a3HCOB npe/i,CTaBJieHHH. 

TeopeMa 2.7.1. Uycmb (id, S) - naccuenoe npeodpaaoeanue MHOzoo6pa3UH 6a3u- 
coe npedcmaejienusi f. Uycmb X - 6a3uc npedcmaejienuji f, X' = >S'(^). Uycmb 
Basi 6a3uca Y cyiu,ecmeyem aKmuenoe npeo6pa3oeaHue R maKoe, nmo Y ~ R(X). 
UoAOjfcuM Y' = R(X'). Tosda S{Y) ^Y'. 

flOKASATEJibCTBO. TeopeMa yTBep>KflaeT, hto nacciiBHoe OTo6pajKeHHe onpe- 
^ejieHO Ha op6HTe aKTHBHoro. ^jih flOKa3aTejibCTBa TeopeMbi floCTaTOHHO flOKa3aTi> 
KOMMyTaTHBHOCTt ;i,HarpaMMi>i 

B(f) ^B(f) 



B(f) ^Bif) 

□ 

2.8. HecKOJiBKO npHMepoB 6a3Hca npe/i,CTaBJieHHH 

IIpHMep 2.8.1. PaccMOTpiiM BeKTopnoe npocTpancTBO V na/i, nojiCM F. Ecjih flano 
MHOJKecTBO BeKTopoB 61, e„ TO, corjiacHO ajiropHTMy nocTpoenHH KOopflHHaT 

Hafl BeKTOpHbIM npOCTpanCTBOM, KOOpflllHaTbl BKJIIOHaiOT TaKHC SJieMBHTbl KaK ei + 

62 H aei. PeKypcHBHO npuMeHHs npaBHjia, npHBefleHHbie b onpe;i,ejieHHH 2.6.8, mbi 

npHfleM K BblBOfly, HTO MHOJKeCTBO BCKTOpOB 6 1 , e„ nOpOJKflaeT MHOJKeCTBO 

JIHHeilHblX K0M6HHaiI,HH 

a ei + ... + a e„ 

CorjiacHO leopeMe 2.6.12, MHOJKecTBO BCKTopoB ei, e„ HBjiaeTCH 6a3HCOM npH 
ycjiOBHii, ecjiH fljiH jiio6oro i, i = 1, n, BeKTop Ci ne HBjiaeTCH jiHHefiHOH kom6h- 
Hai^Hefi ocTajibHbix BexTopoB. 3to TpeGoBanne paBHOCHjibHO Tpe6oBaHHio jiHHefiHOH 

He3aBHCIIM0CTH BeKTOpOB. □ 

IIpHMep 2.8.2. IlycTb G - a6ejieBaH rpynna, h M - MHOJKecTBO. PaccMOTpHM 
3(|)eKTHBHoe npeflCTaBjieHHC rpynnbi G na MHOJKecTBe M . ^jih 3a;i,aHHbix a € G, 

A G M nojiojKHM A ^ A + a. Mbi 6y;i,eM TaKJKC nojib30BaTbCH 3anHCbio a = AB, 
ecjiH B = A + a. Tor^a fleiicTBHe rpynnbi MOJKno npeflCTaBHTb b bh^b B = A + 

AB. B Ka^^ecTBe 6a3Hca npeflCTaBjienHH mojkpio Bbi6paTb MHOJKecTBO ToneK laKHM 
o6pa30M, HTO KajKfloii op6HTe npeflCTaBjiennH npHHafljiescHT o^na n tojibko o^aa, 

TOHKa. □ 



FjiaBE 3 



BaniHa npe^cTaBJieHHH yHHBepcajibHMX ajire6p 

3.1. BaniHH npeflCTaBJieHHH yHHsepcajitHBix ajire6p 

PaccMOTpHM MHOMcecTBO il,i-ajiTe6p Ai , i = 1, .... n. IIojiojkhm A = {Ai,...,An). 

riojIOJKHM / = (/i,2, fn-l.n)- 

Onpe/i;ejieHHe 3.1.1. PaccMOTpm-i MHOJKecTBO rii-ajire6p Ai, i ~ 1, n. Mho- 
>KecTBO npeflCTaBjieHHH fi^i+i, * = 1, n~l, 51i-ajire6pbi Ai b r2i_|-i-ajire6pe Ai^i 
HasBiBacTCH 6amHeii {A, f) npe/i,CTaBJieHHH r2-ajire6p. □ 

Mbi MO>KeM npoHjijiiocTpHpoBaTb onpeflejieHHe 3.1.1 c noMombio flHarpaMMbi 



/i + l,i + 2(/i,i + l(0i)(li+l)) 



(3.1.1) 




A. 

fi^i+i - npeflCTaBjieHHe f2i-ajire6pbi Ai b f2.i-|_i-ajire6pe Ai^i. /i_|_i_j+2 - npeflciaB- 
jieHHe r2i-|_i-ajire6pbi Ai^i b f2i_|_2-ajire6pe 

TeopeMa 3.1.2. Omo6pacnceHue 

fi,i+2 ■ Ai — !■ **Ai+2 

MBAJiemcji npedcmaeAeHueM Qi-aA8e6pu Ai e ^ij^i-ajize6pe * AiJ^2- 

^OKASATEJTbCTBO. HpOHSBOJIBHOMy a^+l G COOTBeTCTByeT aBTOMOp- 

4)H3M /i_|_l^i_|_2(ai+l) G *Ai^2- ITpOHSBOJIbHOMy ai e Ai COOTBeTCTByeT aBTOMOp- 

4)H3M fi^i+iicLi) S *Ai^i. TaK KaK o6pa30M sjiCMCHTa ai+i G ^i+i HBjiaeTCH sjie- 
MBHT (ai)(ai+i) G TO TCM caMbiM sjieMCHT ai G Ai nopojKflacT npeo6- 

pasoBaHHC r2i_|-i-ajire6pi>i *j4i-|_2, onpe;i,ejieHHoe paBCHCTBOM 

(3.1.2) /i,i+2(ai)(/i+i,i+2(ai+i)) = /i+i,i+2(/i,i+i (ai)('^i+i)) 
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3. BamHH npcflCTaBjieHHfl yHHBepcajitHbix ajirc6p 



IlycTb uj - n-apnaa onepau,HH r^i-ajireGpti. Tax khk - roMOMopcJjHSM f2i- 

ajire6piji, to 

(3.1.3) /i^j+i(w(ai,i, ...,ai,„)) = w(/,;,i+i(ai,i), /,;,i+i(ai,„)) 

^jia ai, a„ £ mh onpe^ejiHM onepaii,HK) uj na MHOJKecTBe **Ai-|_2 c noMomtio 

paBCHCTBa 

^{fi,i+2{ai,i)(fij^l,i+2{a,i+l)), fi,i+2{o,i.n){fi+l,i+2{ai+l))) 

(3.1.4) w(/i+i,j+2(/i,i+i(aj,i)(ai+i))' /i+i,j+2(/i,i+i(ai,n)(ai+i))) 
= fi+i,i+2{ijj{fi,i+i{ai,i), /i,i+i(ai,„))(ai+i)) 

riepBoe paBeHCTBO cjie^yeT h3 paBCHCTBa (3.1.2). BTopoe paBCHCTBO nocTyjinpoBano 
Ha ocHOBe Tpe6oBaHHH, ^^to OTo6pajKeHHe fi+i.i+2 HBjiaeTCH roMOMop4)ii3MOM Qi- 
ajire6piji. CjieflOBaTejibHO, mbi onpeflejiHjiH CTpyKTypy f2i-ajire6pbi na MHOJKecTBe 

^i+2- 

H3 (3.1.4) H (3.1.3) cjieflyeT 

'^(/i,i+2(ai,l)(/i+l,i+2(li+l))i /i,i+2 (Oi.n) (./i+l,i+2 (li+l ))) 

(3.1.5) = /j+i,j+2(/j,j+i('^(ai,i, ...,aj,„))(aj-|.i)) 

= /i,j+2('^(ai,lj •••7 ai,n))(/i+l,i+2(ai+l)) 

Ha paseHCTBa (3.1.5) cjie^yeT 

w(/i,i+2(ai,l), fid+2{o.i,n)) = fi,i+2{l^{ci.i,l, Oi.n)) 

CjieflOBaTCjiBHO, OTo6pa>KeHne fi,i+2 HBjiaeTCH roMOMopcJjiiSMOM 51i-ajire6pbi. Cjie- 
flOBaTejiBHO, OTo6pa>KeHHe fi.i+2 sBjiaeTCH T^-npeflCTaBjiCHHeM fii-ajire6pi>i Ai b 
rii+i-ajire6pe * AiJ^2- D 

TeopeMa 3.1.3. {id, fi^i^i^2) sienfiemcsi Mop(fiu3MOM T-k-npedcmaeAeHuu fli-aA- 
8e6pu U.3 /i^i+i e /i^i+2 • 

^OKASATEJTbCTBO. PaccMOTpiiM 6ojiee fleTajiBHO flHarpaMMy (3.1.1). 

(3.1.6) ' ^'''-'^ 




yTBepjKfleHHe TeopeMbi cjie^yeT h3 paBCHCTBa (3.1.2) h onpeflejieHHa 2.2.2. □ 

TeopeMa 3.1.4. PaccMompuM 6ammo (A, /) npedcmaeAeHuu^-aAze6p. Ecau moatc- 
decmecHHoe npeo6pa3oeaHue 

^1+2 '■ Ai+2 Ai+2 



3.1. BamHH npcflCTaBjicHHH yHHBcpcajibHtix ajirc6p 
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fli-i-2-aA8e6pu npunadAecHcum npedcmaeAeHum /i+i,i+2, ino npedcmaeneHue 

.fi,i+2 ^i-aAze6pu Ai e ^i+i-aAze6pe * AiJ^2 Moatcem Burnt) npodoAcuceHO do nped- 
cmaeACHUJi 

fli+2 ■ ^ *Ai+2 

U,i-aAze6pu Ai e Qi^2-o-^^ef^pe 

^OKASATEJTbCTBO. CorjiacHO paBCHCTBy (3.1.2), fl^w saflanHoro a^+i G A^+i 
Mti MO>KeM onpe^ejiHTb OTo6pa}KeHHe 

/i,»+2(a»)(/»+i,i+2(ai+i)(a^+2)) = /j+i,i+2(/j,,:+i(ai)(ai+i))(aj+2) 
IlycTb cymecTByeT aij^x G ^i+i TaKoii, hto 

(3.1.8) /i+l,i+2(ai+l) = ^i+2 

Torfla H3 (3. 1.7), (3. 1.8) cjie^yeT 

(3-1-9) /i,i+2(«»)(a»+2) = /i+i,i+2(/i,i+i(ai)(ai+i))(ai+2) 

IlycTb - Ti-apnaH onepari,iia: fii-ajire6piji Ai. HocKOjibKy fi^i+2 - roMOMopcjsnsM D,i 
-ajire6piji, to h3 paBencTBa (3.1.2) cjie^yeT 

fi,i+2i^{0'i.l, ai-n)){fi+l,i+2{0'i+l)) 

(3.1.10) = w(/i^j+2(ai-i)(/i+i,j+2(ai+i)), ft,i+2{ai.n){fi+i,i+2iai+i))) 

= fi+l,i+2{^{fi,i+l{ai-l){ai+l), fi,i+l{ai-n){0'i+l)) 

Ha paBCHCTBa (3.1.10) cjie^yeT 

/i,'i+2(w(ai.i, ai.n)){fi+l^i+2{cii+l){cii+2)) 

^ = w(/j\i+2(ai-i)(/j:+i,i+2(ai+i)(ai+2)), 

/i,i+2(ai-n)(/i+l,'i+2(ai+l)(a,;+2))) 

= /i+i,i+2(w(/j,i+i(ai.i)(a.j+i), /t,i+i(ai.„)(ai+i))(ai+2) 
Ha paBeHCTB (3.1.8), (3.1.9), (3.1.11) cjie^yeT 

fl,i+2i^iO'i-i^ ...,ai.„))(ai+2) 
(3.1.12) = w(//,+2(ai-i)(a»+2),---,/(i+2(ai.„)(ai+2)) 

= /i+i,i+2(w(/i,i+i (ai.i)(ai+i), fi.i+i {ai.n){ai+i)){ai+2) 
PaBeHCTBO (3.1.12) onpeflejiHCT onepaii,Hio uj na MHOJKecTBe *Ai^2 
(3.1-13) ^{fU+2ia-t-i), ■■■Ji,i+2iafn)) ^ /(,+2('^(avi, •■•,a,.„)) 

IIpH 3TOM OTo6pa>KeHHe fli^2 HBjiaeTCH roMOMop4)H3MOM Oi-ajire6piji. Cjie^OBa- 
TejibHO, MM nocTpoiijiii npeflCTaBjiCHHe rJi-ajire6pbi Ai b rJi_|-2-a-nre6pe Ai-^-2- D 

Onpe/i;ejieHHe 3.1.5. PaccMOTpuM 6amHK) npeflCTaBjienHfl: 

((Al,A2,A3),(/l,2,/2,3)) 

OToSpajKCHHe (/i,2,/i,3) HaabiBaeTCH npeflCTaBjieHHeM f2i-ajire6pBi 

B npeflCTaBJieHHH /2,3. □ 
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3. BamHH npcflCTaBjieHHfl yHHBepcajitHbix ajirc6p 



Onpe/i,ejieHHe 3.1.6. PaccMOTpiiM 6amHio npeflCTaBjiCHHii {A,f). OToGpajKeHHe 

/* = (/l.2, fl,n) 

HasBiBaeTCH npeflCTasjieHHeM Oi-ajireGpti Ai b Gamne npeflCTaBJieHHH 

(Al^J) = ((^2,..., A„),(/2,3,..., /«-!,«)) 

□ 

3.2. Mop4)H3M 6amHH T*-npeflCTaBJieHHii 

Onpe/i;ejieHHe 3.2.1. PaccMOTpuM MHOJKecTBO i7i-ajire6p Ai, Bi, i = 1, n. 
MnojKecTBO OToGpajKemiii (/ii, /i„) HasbmaeTca mop4)H3mom h3 6amHH T*- 
npe/];cTaBJieHHH {A, f) b GaniHio T*-npeflCTaBJieHHH (i?,^), ecjiH fljia KasK- 
^oro 1 = 1, ri — 1, napa OTo6pajKeHHH {hi,hi+i) HBjiaeTCH mop(|)H3mom T-k- 
npeflCTaBjieHHH h3 fij+i b gi^i+i- D 

J\w jiK)6oro i, z = 1, n — 1, mm HMeeM ^narpaMMy 



(3.2.1) 




PaBeHCTBa 

(3.2.2) /i^+i o fis+i{ai) = gi^i+i{hi{ai)) o hi+i 

(3.2.3) ft.i+i(/i,i+i(ai)(a.i+i)) = gi,i+i(/ij(a,:))(/ij+i(aj+i)) 

BbipajKaiOT KOMMyTaTHBHOCTb fluarpaMMH (1). OflHaKO y>Ke j^nsi Mop4)ii3Ma {hi, /li+i), 
I > 1, ^HarpaMMa (3.2.1) Henojina. YHHTbiBaH anajiorH^Hyio flHarpaMMy fljia Mop- 
4)H3Ma (/li, /li+i) 3Ta flHarpaMMa na BepxHCM ypoBne npHoSpeTaei bh;i, 

hi+2 



(3.2.4) 



^^+2 
/23(/l2(ai)ai+i; 



/.,.+2(a.) 



-423(gi2(ai)'ii+l(ai+i)) 



i+2 



i+2 



^1+2 ^ Bi+2 



gi,i + 2ihi(ai)) 



/23(ai 



ff23('ii+l(ai+i)r 



ii+2 



1+2 



3.2. Mop4>H3M 5aiiiHH T*-npc;;cTaBjicHHH 
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K co>KajieHHio, fliiarpaMMa (3.2.4) MajiOHHcJjopMaTHBHa. OneBiiflHO, hto cymecTsy- 

eT MOp4)H3M H3 *Ai-|_2 B * Bi^2, 0T06pa}KaiOIII,Hii fi^i+2{o,i) B gi,i+2{hi{ai)) . 0;i,HaKO 

CTpyKTypa SToro Mop4)H3Ma H3 flHarpaMMbi HeacHa. Mbi flOjiJKHbi paccMOTpeTB 
OTo6pa>KeHHe ii3 *Ai+2 b * Bij^2, TaK jKe mh sto cflejiajiH b leopeMe 3.1.3. 

TeopeMa 3.2.2. Ecau T-k-npedcmaeAeHU^ fi+i,i+2 scfjcfieKmueHO, mo {hi,*hi+2) 
MBMJiemcM Mop(f}U3MOM T*-npedcma6AeHuu U3 T-k-npedcmaeACHUJi fiA+2 e T-k-nped- 
cmaeACHue gi^i+2 Qi-aA8e6pu. 



^OKASATEJibCTBO. PaccMOTpHM flHarpaMMy 




CymecTBOBaHHe OTo6pajKeHHa */ii+2 h KOMMyTaTHBHOCTb ;i,HarpaMM (2) h (3) cjie- 
flycT H3 seJxJjeKTHBHOCTH OTo6pajKeHHa H TeopeMbi 2.2.6. KoMMyTaTHB- 

HOCTb fliiarpaMM (4) ii (5) cjiepyei ii3 TeopeMbi 3.1.3. 
H3 KOMMyTaTHBHOCTH ;i,HarpaMMbi (4) cjieflyeT 

(3.2.5) /i+i_i+2 ° fi,i+l{a.i) = fi,i+2{o,i) ° fi+l,i+2 

H3 paBeHCTBa (3.2.5) cjie^yeT 

(3.2.6) *h.,+2 o /i+i,i+2 o /i,j+i(a,;) = */ii+2 o /i,i+2(ai) o /i+i,i+2 
Hs KOMMyTaTHBHOCTH ;i,HarpaMMbi (3) cjie^yeT 

(3.2.7) *hi+2 ° fi+l,i+2 = 3i+l.i+2 ° ^li+l 

Hs paBencTBa (3.2.7) cjie^yeT 

(3.2.8) *ft.i+2 O fi+l,i+2 O fi,i+l{ai) = gi+l,i+2 ° hi+i O Ji ij^i[ai) 

H3 paBencTB (3.2.6) h (3.2.8) cjie^yeT 

(3.2.9) *hi+2 o fi,i+2{ai) o /i+i,i+2 = .gi+i,i+2 o /Ji+i o /i,j+i(aj) 
H3 KOMMyTaTHBHOCTH ;i,narpaMMbi (5) cjie^ycT 

(3.2.10) gi+i,i+2° gi.i+i{hi{ai)) = gi,i+2(/i.j(aO) ° 5»+i,i+2 
H3 paBCHCTBa (3.2.10) cjie^ycT 

(3.2.11) gi+i,i+2 ° gi,i+i{hi{ai)) o hi+i = gi^i+2{hi{ai)) o gi+1^1+2 o ^i+i 
H3 KOMMyTaTHBHOCTH ;i,HarpaMMbi (2) cjie^yeT 

(3.2.12) *hi+2 ° fi+l,i+2 ~ gi+i,i+2 ° hi+i 
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3. BamHH npcflCTaBjieHHfl yHHBcpcajitHbix ajirc6p 



Ha paseHCTBa (3.2.12) cjie^yeT 

(3.2.13) giA+2ihi{a.i)) o *hi+2 ° fi+iA+2 = 91,1+2(1^(0^)) o gi+i^i+2 ° hi+i 
Ha paseHCTB (3.2.11) h (3.2.13) cjieflycT 

(3.2.14) gi+i,i+2 o gi,i+i(hi(ai)) o hi+i = gi,i+2(hi(a.t)) o *hi+2 o fi+i,i+2 

BneinHHa; fluarpaMMa HBjiaeTCH flHarpaMMOii (3.2.1) npH i ~ I. Cjie;];oBaTejii>- 
HO, BHeniHJia /i,HarpaMMa KOMMyTaTHBHa 

(3.2.15) hi+i o f^A+i(ai) = gi,i+i(hi(ai)) o hi+i(ai+i) 
Ha paBCHCTBa (3.2.15) cjieflyeT 

(3.2.16) 3i+i,i+2 o hi+i o fi,i+i(ai) = gi+i,i+2 ° gi,i+i(ht(ai)) o h^+i 
Ha paBencTB (3.2.9), (3.2.14) h (3.2.16) cjieflycT 

(3.2.17) *h.i+2 o fi,i+2(ai) o fi+i,i+2 = gi,i+2(hi(at)) o *ht+2 o fi+i,i+2 
TaK KaK OTo6pajKeHHe /i+i,i+2 - HHteKi^iiH, to iia paBencTBa (3.2.17) cjie^yeT 

(3.2.18) *hi+2 o fi,i+2(ai) = gi.i+2(hi(ai)) o *hi+2 

Ha paBCHCTBa (3.2.18) cjie^yeT KOMMyTaTHBHOCTB ;];iiarpaMMBi (1), OTKy^a cjie^yeT 
yTBepjKfleHiie TeopcMbi. □ 

TeopeMbi 3.1.3 h 3.2.2 cnpaBe^jiHBbi ^jih jhoGbix ypoBHeii 6amHH r*-npeflCTaB- 
jieHHii. B KaiKflOM KOHKpeTHOM cjiynae na^o npaBHjiBHO yKaatiBaTb MHOJKecTBa, 
OTKyfla H Kyfla nanpaBjieHHO OTo6pa}KeHHe. Cmbicji npHBe;i,eHHMx TeopeM coctoht 
B TOM, HTO Bce OToGpajKeHHH B 6amHe npeflCTaBjienHii fleiicTByiOT corjiacoBano. 

TeopeMa 3.2.2 yTBepscflaeT, ^^to HenaBecTHoe OToGpasKeHHe na flHarpaMMe (3.2.4) 

HBJiaeTCH OToSpajKCHHeM *hi^2- 

TeopeMa 3.2.3. PaccMompuM MHOOfcecmeo fli-aAze6p Ai, Bi, d, i = 1, n. 

Uycmti onpedeACHU MopcfjusMU 6amHU npedcmaeMeHuu 

p:(Aj)^(B,g) 
q:(B,g)^(C,h) 
Tozda onpedeABH MopcpuaM npedcmaeAeHuu Q-aA8e6pu 

r:(Aj)^(C,h) 

zde rk ~ qkPk, k = 1, n. Mu 6ydeM naaueamb MopcjjusM r 6amHU npedcmae- 
AeHuu U3 f e h npoH3BefleHHeM mop4)H3mob p aq 6amHH npeflCTaBJieHHH. 



3.3. 3HflOMOp43H3M 6amHH npCflCTaBJICHHH 
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^OKASATEJTbCTBO. Jl^Jiii KajK^oro k, k = 2, n, Mbi MO»ceM npe^CTaBHTb 
yTBepjKfleHiie TeopeMbi, nojibsyacb fluarpaMMOfi 



ak-i 




OToGpajKeHHe rfe_i HBjiaeTCH roMOMop4)H3MOM 17fc_i-ajire6pbi ^fe_i b ri;;_i-ajire6- 
py Ck-i- HaM Ha^o noKasaTt, hto napa OTo6pa>KeHHH (rfe_i,rfe) y;i,OBjieTBopa:eT 
(3.2.2): 

rk{fk~i,k{ak^i)ak) = qkPk{fk-i,k{ak-i)ak) 

= qk{gk^i,k{Pk-i{ak-i))Pk{ak)) 
= hk^\.k{qk-\Vk-\{ak-i))qkVk{ak)) 
= hk~i^k{r{ak-i))rk{ak) 



□ 



3.3. 3HflOMop4)H3M 6amHH npe/i,CTaBJieHHH 



Onpe/i;ejieHHe 3.3.1. IlycTb {A, f) 6amHa npeflCTaBjiemiH 51-ajire6p. Mop4)H3M 
6amHii npeflCTaBjieHHH ft,„) TaKofi, hto pjisi jiio6oro fc, fc = 1, n, hk 

- 3HflOMop4)H3M fifc-ajire6pM Ak, HasbiBaeTCH 3H/i;oMopc|>H3MOM 6amHH npe/i;- 
CTaBJieHHii /. □ 

Onpe/i,ejieHHe 3.3.2. IlycTb {A, f) 6amHH npeflCTaBjiCHHii f2-ajire6p. Mop4)H3M 
6amHii npeflCTaBjieHHH ft,„) TaKofi, ^^to pjisi jiio6oro fc, fc = 1, n, hk 

- aBTOMop4)H3M f2fc-ajire6pbi Ak, HasbmaeTca aBTOMopiJjHSMOM 6amHH npe/i;- 

CTaBJieHHH /. □ 

TeopeMa 3.3.3. Ilycmb {A, f) 6amHJi npedcmaeAeHuuQ-aAseSp. MHOOHzecmeo ae- 
moMop(fiu3M06 npedcmaeAeHUH / nopoMcdaem Ayny?'^ 

^OKASATEJTbCTBO. IlycTb r, p - aBTOMop4)H3Mbi 6amHii npeflCTaBjiCHHii /. 
CorjiacHO onpeflejiemiio 3.3.2 pjisi jiioGoro fc, k = 1, n, OToGpaHceHHH r^, pk 
HBjiHiOTCH aBTOMop4)H3MaMH f2fe-ajire6pbi Ak- CorjiacHO TeopeMe II. 3. 2 ([8], c. 60) 
fljisi jiio6oro fc, fc = 1, n, OTo6pa}KeHHe rkPk HBjiaeTCH aBTOMop4)H3MOM fi^- 
ajire6pbi Ak- VLs TeopeMbi 3.2.3 h onpeflejieHHH 3.3.2 cjieflyeT, hto npoii3BefleHHe 



■^'^OnpeflejieHHe jiynti npHBefleHHO b [4], c. 24, [3], c. 39. 
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aBTOMopcj3H3MOB Tp 6amHH npe/i,CTaBjieHHH / HBjiaeTCH aBTOMopcJjHSMOM GaniHH 
npeflCTaBjieHHii /. 

IlycTb r - aBTOMop4)H3M 6amHH npeflCTaBjieHiiii /. CorjiacHO onpeflejienHK) 
3.3.2 fl^jisi jiK)6oro i, i = 1, n, OTo6pa>KeHHe HBjiaeTCH aBTOMopcjDiOMOM il^-aji- 
re6pi>i Ai. CjieflosaTejibHO, ^jih jiK)6oro i, i ~ 1. n, OTo6pa>KeHHe r^^ HBjiaeTCH 
aBTOMop4)H3MOM fii-ajire6pi>i Aik. J^Jia aBTOMopcJjiiSMa r cnpaBefljiHBO paseHCTBO 
(3.2.3). IlojiojKHM a'^ = ri{ai), i = 1, n. TaK Kax r^, i = 1, n, - aBTOMopcjDHSM, 
TO tti = rj~^(aQ H paBCHCTBO (3.2.3) mo>kho saniicaTb b BH^e 

(3.3.1) /ij+i(/»,,+i(/77^(a-))(/ii+i(a;+i))) = .g,,,+i(a^)(a',+i) 

Tax KaK OTo6pajKeHHe /i^+i aBjiaeTca aBTOMopcjDHSMOM f2i-|_i-ajire6pbi ^i+i, to ii3 
paBBHCTBa (3.3.1) cjieflyeT 

(3.3.2) f,,,+,{h-\a'^{h.+M+i))) = V+i(5^,.+i(«0K+i)) 

PaBBHCTBO (3.3.2) cooTBeTCTByeT paBencTBy (3.2.3) fljiH OTo6pa}KeHHH f ^ ^ . Cjieflo- 
BaTejibHO, OToSpajKCHHe HBjiaeTCH aBTOMopcjaiiSMOM npe;i,CTaBjieHiiH /. □ 

3.4. BasHC GaniHH npe/i,CTaBJieHHH 

Onpe/i;ejieHHe 3.4.1. Bamna T^-npeflCTaBjieHiiii (A, /). nasbiBaeTCH acJjcJjeKTHB- 
Hoii, ecjiH fljiH jiio6oro i npe/i,CTaBjieHHe fi,i+i scJxJ^eKTiiBHO. □ 

TeopeMa 3.4.2. PaccMompuM BaiuHw T-k-npedcmaeAeHuu {A,f). Uycmt) nped- 
cmaeACHUJi fi^i+i, fi+k~i.i+k 3(f)(f)eKmueHU. Tozda npedcmaeneHue fi^i+k sffi- 
(pcKmueHO. 

^OKASATEJibCTBO. Mbi flOKajKCM yTBcpjKfleHHe TeopeMbi no HHflyKii,HH. 

IlycTb npeflCTaBjieniiH fi.i+i, fi+i.i+2 stJxJjeKTHBHbi. npe;i,nojiO}KHM, hto npe- 
o6pa30BaHHe fi,i+i (ai) ne hbjihctch TO}K/],ecTBeHHbiM npeoGpasoBaHHCM. Tor^a cy- 
mecTByeT Ci-i-i S ^i+i TaKoft, hto /i,i+i(aj)(^i+i) o-i+i- TaK KaK npeflCTaBjiemie 
fi+i,i+2 34)4)eKTHBHO, TO npeo6pa30BaHHH fi+i,i+2{ai+i) h fi+i.i+2ifi,i+i{at)iat+i)) 
He coBnaflaiOT. CorjiacHO nocTpoennK), BbinojiHCHHOMy b TCopeMe 3.1.2, npeo6pa30- 
BaHHe /i,i+2(ai) ne HBjiHeTca TOscflecTBenHbiM npeo6pa30BaHHeM. CjieflOBaTejibHO, 
npeflCTaBjiCHHe /i,i+2 scJxJjeKTHBHO. 

IIpeflnojiojKHM yTBepjKfleHHC TeopeMbi Bepno pjia k — l npeflCTaBjieHHii h nycTb 
fi^i+i, fijf.k-i,i+k scJxJ^eKTiiBHbi. CorjiacHO npeflnojiojKeHHio HHflyKii,HH, npe;;- 
CTaBjieHHH /i,i+fc-i, fi+k-i,i+k stJxJjeKTiiBHbi. CorjiacHO flOKa3aHHOMy Bbime, npe/i,- 

CTaBJieHHe fiS+U 34>45eKTHBHO. □ 

TeopeMa 3.4.3. PaccMompuM 6ammo {A, /) npedcmaeAeHuu Q-aA8e6p. Uycmb 
moMcdecmeeHHoe npeoBpaaoeanue 

VLiJ^2- o-Ji^^Spu Ai npuHadACMCum npedcmaeAeHuto fi^i^i-f-2- nycmb npedcmaeAe- 
HUR fi^i+i, fi+i.i+2 9(pcljeKmu6HU. Tozda npedcmaeAenue /j'i_|_2; onpedeACHHoe e 
meopcMe 3.1.4, 3g5g5e?cmueHo. 

flOKASATEJibCTBO. IlycTb cymecTByeT Oj+i £ A^+i TaKoft, hto 

fi+l,i+2{(li+l) — Si+2 
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flpnycTHM, HTO npeflCTaBjiCHHe fi aBjiaeTca acJxJjeKTHBHbiM. Tor^a cyme- 

CTByiOT 

(3.4.1) at.i,ai.2€Ai 0^.17^0^.2 

TaKHe, HTO 

(3-4.2) /M+2(aj-i)(aj+2) = /(,+2(a»-2)(a»+2) 

Hs paBencTB (3.1.9), (3.4.2), cjie^yeT 

(3.4.3) fi+i^i+2ifi:i+i{ai.i){ai+i)){a,+2) = /i+i,i+2(/i,i+i(ai-2)(ai+i))(ai+2) 
TaK KaK ai+2 npoiiSBOjiBHO, to h3 (3.4.3) cjiepyei 

(3.4.4) /,+i.j+2(/t,j+i(aj-i)(aj+i)) = /j+i,i+2(/j,i+i(ai-2)(ai+i)) 
HocKOjiBKy npe^CTaBjieHHe fi.i+i seJxJjeKTHBHO, to h3 ycjiOBHH (3.4.1) cjie^yeT 

(3.4.5) /,;,i+i(ai.i)(aj+i) ^ /j_i+i(ai.2)(ai+i) 

H3 ycjiOBHH (3.4.5) H paBeHCTBa (3.4.4) cjie^yeT, hto npeflCTaBjieHHe /,;+i.i+2 He 
HBjiHeTCH acJjcJjeKTHBHbiM. HojiyHeHHoe npoTHBopcHHe flOKasbiBaeT yTBepjKfleHiie 
TeopeMbi. □ 

Mbi CTpoHM 6a3iic npeflCTaBjieHHH 6aniHH npe;],CTaBjieHHii no toh see cxeMe, 

HTO MM nOCTpOHJIH 6a3HC npeflCTaBJICHHa B CeKLI,HH 2.6. 

Mbi GyflCM 3anHCbiBaTij sjieMCHTbi GaniHH npeflCTaBjienHii (^[1], /) b BH^e Kop- 
TejKa (02,..., a„), r^e € Ai, i = 2, n. 

Onpe/i;ejieHHe 3.4.4. IlycTb [A, /) - 6amHH npeflCTaBjienHii. KopTejK mhojkcctb 

iV[i] (A^2 C A2,...,iV„ C An) 

Ha3i>iBaeTca KopTe:»<;eM CTa6HJibHbix MHo:»cecTB GaniHH npeflCTaBJieHHH /, 

ecjiH 

fi-i.i{ai-i){ai) e N.i i = 2,...,n 

fljiH jiio6bix ai 6 Ai, 02 6 A^2, On £ Nn- Mbi TaKJKe 6yfleM roBopHTb, hto 
KopTe>K MHoacecTB 

iV[i] = (A^2 C A2,...,iV„ C ^„) 
CTaGnjien OTHOCHTejiBHO 6amHH npeflCTaBjienHft /. □ 

TeopeMa 3.4.5. Uycmb f - 6amHJi npedcmaeAeHuu. Uycmt) MHOOfcecmeo Ni C Ai 
siBAfiemcsi nodaAze6pou ^li-aAze6pu Ai, i = 2, n. Uycnib KopmeoK MHootcecme 

^[1] = (^2 c A2,...,iV„ c An) 

cma6uMeH omHocumeAbHO 6amHU npedcmaeAeHuu f. Tozda cyuj,ecmeyem 6auLHSi 
npedcmaeAeHuu 

(3.4.6) ((Ai, 7V2, iV„), (/jv.,1,2, /^„,«-i,„)) 
maKasi, umo 

/jVi,i-i,i(ai-i) = /i-i,i(ai-i)|wi i — 2, n 
BauiHM npedcmaeACHuu (3.4.6) naaueaemcfi 6amHeH noflnpe/i;cTaBJieHHii. 
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^OKASATEJTbCTBO. IlycTb uJi-iA - m-apHEH onepaD;HH fli-i-a.jire6pm 
1 = 2, n. Tor;i,a fljiH jiio6bix a^-i^i, ai_i_m € Ni_i '^'^ h jiio6oro G A^^ 

i^i-l,l{fNi,i-l,i{ai-l,l), fNi,i-l,i{^i-l,m)){o,i) 

=/Wi/i-i/i(W'i-i,i(ai_i_i, ai_i_,„))(a,i) 

IlycTb Wi_2 - m-apHEH onepaLi,Ha: rii-ajire6pbi Ai, i = 2, n. Tor;i,a fljiH jiio6i>ix 
€ Ni n jiio6oro a^-i G A^i-i 

^i.2{fNi,i-l,i{ai-l){ai,l), fNi,i-l,i{ai-l){ai,m)) 
=^i,2{fi-l,i{ai-l){o,i,l): (ij-l ) (ai,m)) 

=/j-i,j(aj-i)(Wi,2(ai,i' •■•lOi,™)) 

=/jVi,i-l,i(ai-l)(l^i, 2(01,1, ai,m)) 

yTBepjKfleHHe TeopeMbi flOKasano. □ 

H3 TeopeMbi 3.4.5 cjie^yeT, hto ccjih OTo6pa>KeHHe {fN2.i,2, /Af„,i.ri) - 6ain- 
HH noflnpe;i,CTaBjieHHH GaniHH npe/i;cTaBjieHHfl: /, to OToSpajKeniie 

{id : Ai Ai,id2 : ^2 ^2, idn ■ N„ A„) 

HBjiHeTCH Mop4)H3MOM SauieH npeflCTaBJieHHH. 

TeopeMa 3.4.6. MnoDicecmeo'^"^ Bj ecex 6ameH nodnpedcmaeAeHuu 6amHU nped- 
cmaeACHUu f , nopoofcdaem cucmeMy saMUKanuu na 6auLHe npedcmaeAeHuu f u, 
CAedoeameAbHO, jieAMemcji noAHOu cmpyKmypou. 

^OKASATEJibCTBO. IlycTb fl^jia ;i,aHHoro A G A, A'a.i, « = 2, n, - noflaji- 
re6pa f2j-ajire6pi>i A^, CTaGHjibHaa OTHOCHTCjibHO npeflCTaBjieHHH Onepan,Hio 
nepece^iCHna na MHOJKecTBe Bj mh onpeflejiHM corjiacHO npaBHjiy 

fl'/'^A,,-!., = /nATA,.-!,. j = 2,...,n 

f]Kx= (a'i = ^1, A-2 = fl Kx.2, Kn = fl^^'^.^ 
nA'^ ^ - no/i,ajire6pa f2,;-ajire6piji Ai. IlycTb a,; G flAT^, j. fl^nn jiioSoro A G A h pjia 
jiio6oro a,j_i G A'i_i, 

/t-i,t(ai-i)(at) e Kx,i 

CjieflOBaTCjiBHO, 

/i-i,i(ai-i)(a,;) G A',; 

IloBTopHH npHBCfleHHoe nocTpoeHHe b nopaflKe BOspacTaHHH i, i = 2, n, mbi 

BHflHM, HTO (A'l, A'„) - KOpTCJK CTa6HJIBHBIX MHOJKCCTB 6ainHH npcflCTaBjienHH 

/. CjieflOBaTejiBHO, onepaii,iis nepeceneHiiH 6aineH noflnpe;i,CTaBjieHHH onpeflejiena 

KOppeKTHO. □ 



•^■^nojiojKHM TVl = Al. 

•^■•^Sto onpeflejieHHe aHajiorHHHO onpeflejieHHio CTpyKTypbi noflajire5p {[8], cxp. 93, 94) 
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06o3HaHHM COOTBeTCTByKJmHH OHCpaTOp SaMblKRHHa HepeS ./(/). ECJIH MM 
0603HaT^HM HepeS X^^ KOpTejK MHO^KCCTB {X2 C ^2, ■■■,Xn C An) TO J(/,X[i]) 

HBjiHeTCH nepece^eHHeM Bcex KopTejKeii (A"i, A'„), CTaGHjibHbix OTHOCiiTejiBHO 
npeflCTaBjieHHa / 11 laKHx, hto ^jih « = 2, n, Ki - noflajire6pa 51i-ajire6pM Ai^ 
coflepiKamaH Xi.'^''' 

TeopeMa 3.4.7. Uycmti'^ '^ f - 6amHsi npedcmaeAeHuti. Uycmb X^ C A^, i — 2, 

n. UoMocucuM Yi = Ai. IIocAedoeameAbHO yeenuHueasi anaueHue i, i — 2, 
n, onpedeAUM nodMHOofcecmea Xi,m C Ai undyKu^ueu no m. 

Xifi = Xi 

X e Xi^m => X e Xi^m+l 
X\ e Xi^rn, ---.Xp e Xi^rn,^ & Siip) => ^^ixi, Xp) G Xi^^+l 

Xi e Xi^rn,Xi-l e => fi^lAiXi^i){xi) G X^^m+i 

/Jmji Kaotcdogo aHaueHUM i noAootcuM 

QO 

Yi — Xi^ui 

F=(ri,...,r„)=7(7,X[i]) 

^OKASATEJTbCTBO. fl^Jisi KayKflpTO SHaneHiiH i ;i,OKa3aTejiijCTBO TeopcMbi cob- 
naflaeT c flOKasaTejibCTBOM TeopcMbi 2.6.4. TaK KaK fljia onpeflejieniiH ycTOHHHBO- 
ro noflMHOJKecTBa f2i-ajire6pBi Ai nac HHiepecyeT tojibko neKOTopoe ycToiiHHBoe 
noflMHOJKecTBO f2,;_i-ajire6pBi Ai-i, mbi ppjuKmA cnepBa nafiTH ycToiiHHBoe nop^- 
MHOJKecTBO rii_i-ajire6pbi Ai-i. □ 

J(/,X[i]) HasbiBacTca 6amHeH no/i;npe^cTaBJieHHH 6amHH npe^cTae- 
jieHHH /, nopoxc^eHHoii KopTejKeM MHO>KecTB ^[1], a - KopTe>KeM 
MHOJKecTB o6pa3yK)ii];HX 6amHH no/i;npe;];cTaBJieHHH J(/, B nacTHO- 

CTH, KopTe»c MHOxcecTB o6pa3yioiLi;HX 6amHH npe^cTaBJieHHii / 6y;i,eT TaKoii 

KOpTCJK {X2 C A2,...,Xn C An) , HTO j(f,X[i]) = A. 

Onpe/i,ejieHHe 3.4.8. IlycTb {X2 C A2, ■■■,Xn C An) - KopTejK MHOJKecTB o6pa- 
syromiix 6amHii npe/i,CTaBjieHHH /. IlycTb OTo6pa>KeHHe h HBjiHeTca 3HflOMop4)H3- 

MOM SaniHH npeflCTaBJICHHH /. IlyCTb KOpTe>K MHOJKeCTB Xjj^j = HBJiaeT- 

csL oSpasoM KopTejKa MHOJKecTB npH OToSpajKeHHH h. 3HflOMop4)H3M h 5am- 
Hii npeflCTaBjieHHH / HastiBaeTCH HeBBipoxcfleHHBiM Ha Kopxexce MHOJKecTB 

06pa3yK)II];HX -^^"[1], eCJIH KOpTCJK MHOJKeCTB Xjj^j HBJiaeTCH KOpTCJKeM MHOJKeCTB 

o6pa3yK)iii;Hx 6ainHH npeflCTaBjieHiiii /. B npoTHBHOM cjiy^^ae, 3HflOMop4)H3M h na- 
3biBaeTca BBipo:»c/i;eHHBiM Ha Kopxexce MHO>KecTB oGpasyromHX ^[1], □ 

Onpe/i,ejieHHe 3.4.9. 3h;];omop4)H3m 6amHH npeflCTaBjienHii / Ha3biBaeTCH hsbbi- 
po»c/i,eHHbiM, ecjiH OH HeBBipojKfleH Ha J11060M KopTejKe MHOJKecTB o6pa3yiomHx. 

□ 

'^■'^npH n = 2, J2{fi,2^ ^2) = Jfi 2i-^^)- Bbijio 6bi npome ncnojibsOBaTb e^HHHbie o6o3HaMeHHH 
B pasflejiax 2.6 h 3.4. OAnaKO HcnojibsosaHHe BeKTOpHbix o6o3Ha'^ieHHii b pas^ejie 2.6 mhc Ka:H^eTC5i 
HecBoeBpeMeHHbiM. 

3.5y^ggp^^gjjj^g TeopeMbi anajiorH'^HO yxBepia^^eHHio TeopeMbi 5.1, [8], CTp. 94. 
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HeTpy;i,HO BH^eTb, hto onpeflejienHe KopTejKa MHOJKecTB o6pa3yiomHx 6ain- 
HH npeflCTaBjieHHH ne saBiiCHT ot Toro, seJjcJjeKTiiBHa 6amHH npeflCTaBjienHfl: hjih 
HCT. HosTOMy B ;i,ajibHeHineM mbi 6y;i,eM npeflnojiaraTB, ^^to 6ainHH npeflCTaBjiCHHii 
34)4)eKTHBHa H 6yfleM onHpaTbca na corjiaineHHe ^jih 3(J)(J)eKTHBHoro T^-npeflCTaB- 

JieHHH B SaMCHaHHH 2.1.9. 

Hs TeopeMbi 3.4.7 cjie^yeT cjieflyiomee onpeflejieHHe. 

Onpe/i;ejieHHe 3.4.10. HycTb {X2 C A2,...,Xn C An) - KopTejK MHOJKecTB. 
^jia jiio6oro KopTCJKa sjicmchtob a, a £ J(/,X[i]), cymecTBycT KopTejK f2-cjiOB, 
onpe/i,ejieHHBix corjiacHO cjie/iyiomeMy npaBHjiy. 

(1) ECJIH Oi £ Ai, TO Oi - r^i-CJIOBO. 

(2) EcjiH ai € Xi, i = 2, .... n, to - fii-cjiOBO. 

(3) EcjiH tti^i, flip - fii-cjiOBa, i = 2, n, h a; 6 ^i{p), to ai_i...ai,pLo - 

f2i-CJIOBO. 

(4) EcjiH ai - 57i-cjiOBO, i = 2, 3, h ai-i - 17i_i-cjiOBO, to ai_ia,; - f2,;-cjiOBO. 

KopTejK H-CJIOB 

w{aJ,X[i]) = {wi{ai,J,X[i]),...,Wn{anJ,X[i])) 

npeflCTaBjiHiomHH flanHbiii ajieMeHT a £ J(/,X[i]), nasbiBaeTCs KopTe»ceM ko- 
op/i;HHaT sjieMeHTa a OTHOCHTejibHO KopTe:Mca MHO>KecTB ^[ij- 06o3HaHHM 
W{f, X^ij) MHOiKecTBO KopTejKeii Koop;a,HHaT 6amHH npeflCTaBJieHHH J(/, X^ 

□ 

HpeflCTaBjieHHe G Ai b Bn^e Qi-cjiOBa HeoflHOSHa^HO. Ecjih a^^i, a^.p - Qi- 
cjiOBa, Lo € ^i{p) H tti-i € Ai-i, TO i7i-cjiOBa ai-iai^i...ai^pUJ 11 ai_iai_i...ai_ia.i^pa; 
onHCbiBaiOT oflHH H TOT jKe sjieMeHT f2i-ajire6pbi A^. Bosmojkhh paBCHCTBa, cbh- 
saHHbie CO cnen,H4)HK0H npeflCTaBjieHHH. HanpHMep, ecjiH uj HBjiaeTCH onepaii,Heii 
f2i_i-ajire6pbi Ai^i 11 onepan,HeH r2i-ajire6pbi Ai, to mbi mojkcm noTpeSoBaTb, hto 
f2i-cjiOBa ai-i^i...ai^i^pUjai ii ai^i^iai...ai-i^paiU) onncbiBaiOT oflira 11 tot jkc sjie- 
MeHT rii-ajire6pbi Ai. IlepeHHCjieHHbie Bbime paBCHCTBa fljia KajK^oro aHaneHiiH i, 
i = 2, n, onpe/i,ejiHiOT OTHomeHiie SKBHBajieHTHOCTH na MHOJKecTBe rj^-cjiOB 
Wi(/, X[i]).CorjiacHO nocTpocHHio, OTHomemie SKBHBajieHTHOCTii ri na MHOJKecTBe 
r2i-cjiOB Wi{f , X^i]^) saBHCHT He TOjiBKO OT Bi>i6opa MHOJKecTBa Xi, HO H OT Bbi6opa 

MHOJKeCTBa Xi^l. 

TeopeMa 3.4.11. dndoMopcpuaM r 6amHU npedcmaejieHuu f nopoatcdaem omo6- 
paotceHue KoopduHam 

w{7, r, ) : WO, ) ^ WO, X[,^ ) C X[,^ = r [1] (X[^ ) 

maKoe, nmo dAsi awBozo i, i — 2, n, 

(1) iJcyiM fli G = T'i{ai), mo 

WiO,r,X[i]){ai) = a- 

(2) EcAu 
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mo Sasi onepav,uu io E Qi (p) cnpaeedAueo 

m{7,r, Xii]){ai^i...at,pUj) = a- ^.-.a-^pW 

(3) EcAu 

ai G Wi(7,X[i]) a[ = Wi(7,r,X[i])(ai) 

aj_i G Wi_i(/,X[i]) a';_i = Wi_i(/,r,X[i])(ai_i) 

mo 

Wi(7,r,X[i])(ai-ia.O = a-_ia- 

/^OKASATEJlbCTBO. yTBepjKfleHHH (1), (2) TeopeMti cnpaBefljiHBbi b CHjiy onpe- 
^ejiCHHH 3HflOMop4)ii3Ma hi- yTBepacflCHHe (3) TeopeMbi cjie/i,yeT h3 paBencTBa 
(3.2.3). □ 

TeopeMa 3.4.12. Uycmb f 6aiuHJi npedcmaeACHuu. Uycmb omo6pacHceHue 

RBAfiemcsi andoMopcfjusMOM VLi-aAze6pu Ai. ffAsi aadannux MHoatcecme Xi C Ai, 
X[ C Ai, i = 2, n, nycmb omoGpaMcenue 

Ri '■ Xi X'i 

cozAacoeano co cmpyKmypouQi-aAge6pu Ai, m. e. Bam daHHOu onepa'nuuuj G Qi{p), 
ecAU 

•^2,1 ; ■ ■ ■ : ^i.p-j *^i,l ■ ■ ••^i^p^ G Xi 

mo 

Ri{xi^i...Xi,pL^) = Ri{xi^i)...Ri{xi^p)u: 
PaccMompuM omo6pacHceHue Koopdunam 

wQ, (ri,i?2,...,i?«),^[i]) : -> 

ydoBAemeopjimunee ycAoeuMM {!), (2), (3) meopeMU 3.4-11- /(aji Kaotcdozo i, i = 2, 
n, cyiu,ecmeyem andoMopcfjuaM 

Ti ■ Ai > Ai 

onpedeACHHUu npaeuAOM 

(3.4.7) (a,) = w47, (ri , i?2 , . . . , i?„ ) , ^[i] ) [w^ (a, , 7, X [ij ) ) 

u omo6paotceHue r jieAJiemcM Mop^usMOM 6ameH npedcmaeAHCHUu J{f,X^^) u 

^OKASATEJTbCTBO. IIpii n = 1 SaniHH npeflCTaBjieHHH / aBjiaeTCH npeflciaB- 
jieHHCM fii-ajire6pi>i Ai b f22-a-nre6pe A2. YTBepiKfleHHe TeopeMBi sBjiaeTca cjie/i,- 
CTBHeM TeopeMbi 2.6.10. 

IlycTb yTBep^KfleHHe TeopeMbi sepHO pjiR n ~ I. OSoaHaneHHa: b TCopeMe ne 
MeHHiOTCH npH nepexofle ot o^Horo ypoBHH k flpyroMy, TaK Kax cjiobo b r2„_i-aji- 
re6pe An-i ne saBucHT ot cjiOBa b ri„-ajire6pe An- Mbi 6yfleM ;i,0Ka3biBaTb TeopeMy 
HH7iyKLi,HeH no cjiojkhocth r2„-cjiOBa. 
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EcjiH w„(a„, /, ~ an, to a„ S X„. CorjiacHO ycjiOBHio (1) TeopeMbi 

3.4.11, 

r„(a„) = -U7„(/, (ri,i?2, i?„), X[i])(-u;„(a„, /, 

= w„(/, (ri,i?2, ■•■,^n),-'^[l])(ari) 

= i?,i(a„) 

CjieflOBaTejibHO, he MHOJKecTBe X„ OToSpajKeHHH r„ h i?„ coBnaflaiOT, h OTo6pa- 
»ceHHe r„ corjiacoBano co CTpyKTypoii r2„-ajire6piji. 

IlycTb uj G fin (p) ■ HycTb npe^nojiOiKeHiie HHflyKn,HH Bepno fijia 

e J„(/, 

IlycTb 
EcjiH 

TO corjiacHO ycjiOBHio (3) onpeflejieHHH 3.4.10, 

w„(a„,/,X[i]) = ti;„_i...w„,pCJ 
CorjiacHO ycjiOBHio (2) TeopeMbi 3.4.11, 
r„(a„) = w„if, (ri,i?2, i?,0, -'^[i])(u'n(an, /, ^[i])) 

= ■!«„(/, (ri,i?2, ■••,^n),-''^[l])(u'n,l---'^n,pW) 

= w„(/, (ri,i?2, ...,i?„),X[i])(w„,i)...w„(/, (ri,i?2, ...,i?„),X[i])(w„,p)w 

= ''n(an4)---?'n(an,p)l.^ 

CjieflOBaTejibHO, OTo6pa>KeHHe r„ HBjiaeTCH 3h;];omop4)H3mom i7„-ajire6pbi An- 
IlycTb npeflnojiojKeHHe HHflyKLi,HH Bepno jijisi 

a-n e Jn{f,X[i\) W„(a„,/,X[i]) =Wn 

a„„i G J„_i(/,X[i]) w„_i(a„_i,/,X[i]) = t«„_i 
CorjiacHO ycjiOBnio (4) onpeflejiemiH 3.4.10, 

u'„(a„_ia„,/,X[i]) = w„i_iWm 
CorjiacHO ycjiOBHio (3) TeopeMbi 3.4.11, 

'"n(a„-ia„) = (ri,i?2, ••■,^n),-'«^[i])(w„(a„_ia„,/,X[i])) 

= W„_i(/, (ri,i?2, ...,-R„)i^[l])(^"n-l)^"n(/: (''11-^2, . . . , -R„ ) > ^[1] ) (^^n ) 

= ?"n-i(a„-i)r„(a„) 

Ha paBencTBa (3.2.3) cjie^yeT, hto OToGpasKeniie r HBjiaeTCH MopcJjHSMOM 6amHii 
npeflCTaBjieHiiii /. □ 

TeopeMa 3.4.13. AemoMopcpusM r 6amHU npedcmaeAeHuu f sienfiemcsi neeu- 

pOCUcdeHHUM 3Hd0M0p(fiu3M0M. 



3.4. BasHC 6aiiiHH npcflCTaBjicHHH 
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^OKASATEJTbCTBO. IlycTb - KopTejK MHOJKecTB o6pa3yiomHx 6amHH npefl- 
CTaBjieHHit /. IlycTb Xjjj = r[i](X[i]). 

CorjiacHO TeopeMe 3.4.11 3h;];omop4)H3m r nopojK/i,aeT OTo6pa>KeHHe KOop;];iiHaT 

w^(7,^^[i])- _ _ 

riycTt a! G A. TaK KaK r - aBTOMop4)H3M, to cymecTBycT a £ A, r{a) = a'. 
CorjiacHO onpeflCJienHK) 3.4.10 w{a, X[i]) - KOop^HHaTbi a OTHOCHTejibHO KopTCJKa 
MHOJKecTB o6pa3yioiii;Hx X[i]. CorjiacHO TeopeMe 3.4.12, 

w{a,X[-^) = w(7,r,X[i])(u;(a,X[i])) 

KOOpflHHaTM a' OTHOCHTejIbHO KOpTejKa MHOJKeCTB Xjj^j . CjieflOBaTejIBHO, X'j^j - 

MHOJKecTBO o6pa3yioiii;Hx npeflCTaBjieHHH /. CorjiacHO onpeflejieniiio 3.4.9, aBTO- 

M0p4)H3M r - HeBbipOJKfleH. □ 

EcjiH KopTejK MHOJKecTB HBjiHeTCH KopTejKeM MHOJKecTB o6pa3yioiii;Hx 6ain- 
HH npeflCTaBjiemiii /, to jiio6oh KopTejK MHOJKecTB ^[i], Xi C Yi C Ai, i = 2, 
71, TaKJKe HBjiaeTCH KopTesceM MHOJKecTB o6pa3yK)iLi,Hx 6ainHH npeflCTaBjieHiiii /. 
EcjiH cymecTByeT KopTejK MHHHMajibHbix MHOJKecTB X[i], nopojKflaiomHx 6amHio 
npeflCTaBjieHHii /, to TaKofl KopTesK MHOJKecTB X^^ Ha3biBaeTCH 6a3HCOM 6amHH 
npe/i;cTaBJieHHH /. 

TeopeMa 3.4.14. Baauc 6amHU npedcmaeAeHuu onpedeAen undyK'nueu no n. Upu 
n — 2 6a3uc 6amHU npedcmaeAeHuu HBASiemcfi GaaucoM npedcmaeAeHusi /i,2. Ec- 
Au KopmeoHz MHootcecme X[i,n] ■^eAsiemcsi GaaucoM 6auiHu npedcmaeAeHuu /[ij, mo 
Kopmeotc MHOMcecme o6pa3y'wuj,ux X^x] 6amHU npedcmaeACHUu f sieAfiemcsi 6a- 
3UC0M mozda u moAtKO mozda, Kozda Baji Am6o80 an G Xn Kopmeotc MHOoicecme 
(X2, X„_i, Xn\{an}) He neAsiemcfi KopmeofceM MHOofcecme o6pa3yKiuj,ux 6amHu 
npedcmaeACHUu f. 

^OKASATEJTbCTBO. IIpii n = 2 yTBepjKfleHHe TeopeMti HBjiaeTCH cjieflCTBiieM 
TeopeMbi 2.6.12. 

IlycTb n > 2. IlycTb X[i] - KopTejK MHOJKecTB o6pa3yioiii,Hx 6amHH paccjioe- 
Hiiii /. IlycTb KopTe>K MHOJKecTB X[i n] sBjiaeTCH 6a3HCOM SaniHH paccjioeHHit /[„]. 
/lonycTHM fljiR HCKOToporo an G Xn cymecTBycT cjiobo 

(3.4.8) Wn = Wn{an, /, (Xi , . . . , X„_ i , X„ \ {an})) 
PaCCMOTpiIM a'n £ An, finSi KOTOpOrO CJIOBO 

(3.4.9) w'n^Wn{an,7,X[i]) 

3aBHCHT OT a„ . CorjiacHO onpe^ejieHHio 2.6.8, jiio6oe Bxo>KfleHHe a„ b cjiobo w'n 

MOJKCT 6bITb 3aMeHeH0 CJIOBOM Wn- CjieflOBaTCJIBHO, cjiobo w'n HC 3aBHCHT OT a„, 
a KOpTCJK MHOJKeCTB {X2, Xn-l, Xn \ {o-n}) HBJIHeTCH KOpTeSKCM MHOJKCCTB 06- 

pa3yioiLi,Hx 6aniHH npeflCTaBjieHHit /. CjieflOBaTCJiBHO, ne sBjiaeTca 6a3HCOM 
6amHii npeflCTaBjieHiiii /. □ 

/],OKa3aTejibCTBO TeopcMbi 3.4.14 ^acT naM scJxJjeKTiiBHbifi mcto/i, nocTpoeniia; 
6a3Hca 6aniHii npeflCTaBjieHiiii /. Mbi naniiHaeM CTpoiiTb 6a3HC b caMOM hiukhcm 
cjioe. Korfla 6a3iic nocTpoen b cjioe i, i = 2, n — 1, mbi MOiKCM nepeftTH k 
nocTpocHiiio 6a3iica b cjioe i + 1. 
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3. BamHH npcflCTaBjieHHfl yHHBepcajitHbix ajirc6p 



TeopeMa 3.4.15. AemoMop(pu3M 6amHu npedcmaeAeHuu f omo6paMcaem 6a3uc 
6amHU npedcmaeACHUu f e 6a3uc. 

^OKASATEJTbCTBO. IIpii n = 2 yTBepjKfleHHe TeopeMti HBjiaeTCH cjieflCTBiiCM 
TeopeMbi 2.6.14. 

IlycTb OTo6pa>KeHHe r - aBTOMopcjiiiSM 6amHii npeflCTaBjieHHii /. IlycTb KopTe>K 
MHOJKCCTB X^i] - 6a3iic 6ainHH npeflCTaBjiemiii /. IlycTb X'^^ ~ r^i^^X^i]). 

^onycTHM KopTCJK MHOJKecTB Xjjj He aBjiHCTca 6a3HCOM. CorjiacHO TeopeMe 

3.4.14 cymecTByiOT i, i ~ 2, n, h a'^ G X'^ TaKiie, hto KopiejK MHOJKecTB 

HBjiaeTCH KopTejKeM MHOJKecTB o6pa3yioiri,Hx 6ainHH npeflCTaBjieHHii /. CorjiacHO 
TeopeMe 3.3.3 OTo6pa>KeHHe sBjiJieTCH aBTOMopcJjHSMOM 6amHH npe^CTaBjie- 
HHH /. CorjiacHO TeopeMe 3.4.13 h onpeflejienHio 3.4.9, KopTejK MHOJKecTB Xj^j'^'^ 

HBjiaeTCH KopTejKeM MHOJKecTB o6pa3yiomHx npeflCTaBjieHHs /. ITojiyHeHHoe npo- 
THBopeHHe flOKasbiBaeT TeopeMy. □ 

3.5. IIpHMepbi 6a3Hca GaniHH npe/i,CTaBJieHHii 

A4)4)HHHoe npocTpaHCTBO - sto seJjcJjeKTHBHoe npeflCTaBjieHne BeKTopnoro npo- 
CTpaHCTBa B a6ejieBolt rpynne. 3tot npHMep paccMOTpeH b rjiase [7]-6. 

IIpHMep 3.5.1. IlycTb A2 - CBo6oflHaH ajire6pa na/i, nojieM Ai. PaccMaTpHBaa aji- 
re6py A2 Kax KOjibn,o, mbi MOJKeM onpe;],ejiHTb CBo6oflHoe BeKTopnoe npocTpancTBO 
A3 Hafl ajire6poH A2. IlycTb 632 - 6a3HC ajire6piji A3 na/i, ajire6poH A2. BeKTop 
0-3 G ^3 iiMeeT npe;i,CTaBjieHHe 

/e32.i^ 



(3.5.1) 



as 



\e32ny 



HycTb 621 - 6a3HC ajire6pbi A2 na^ nojieM Ai. TaK xax ag G A2, to mbi mojkbm 
3anHcaTb hx KOop^HnaTbi OTHOCHTejiBHO 6a3Hca 621 

(3.5.2) ai ~ ai'' €21-1 — {^a^ ... a^^ 




Ha paBencTB (3.5.1), (3.5.2) cjie^yeT 
(3.5.3) 



as 



ji — — 

I3 621. i 632.. 



£21-7^ 



1621. 



) 



621- 



Ve2 



1 ■ m f 



6321 



\e32.rv 



PaBeHCTBO (3.5.3) noKa3ijiBaeT CTpyxTypy KOopfliinaT b BeKTopnoM npocTpancTBe 
A3 Ha/i, nojieM Ai. HeTpy/i,HO y6eflHTbCH, hto BeKTopti 



esiij = 621-1 632-^ 



3.6j5^// 
3.7x11, 



3.6. npcflCTaBjicHHe b KaxeropHH 
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jiHHeiiHO HeaaBHCHMbi nafl nojieM Ai. CjieflOBRTejibHO, mbi nocTpoiijiii 6a3HC 631 
BeKTopnoro npocTpancTBe A3 tia/i, nojieM Ai. CjieflOBaTejibHO, mbi MOJKeM nepenii- 
caTB paBCHCTBO (3.5.3) b BH;i,e 

/ 631. 11 \ 



(3.5.4) 



0-3 



Jl — 

^3 ^31- ij 



{4' 



\C31. nm/ 

HeTpyflHO y6eflHTi>CH, hto bcktop 631.^ mojkho OTO»cjiecTBHTb c TensopHbiM npo- 
HSBefleHHCM e2i.i eg) e32.j. □ 

3.6. IIpeflCTaBJieHHe b KaTeropHH 

Onpe/i;ejieHHe 3.6.1. IlycTb fljia jiioSbix 06'beKTOB B n C KaTeropnii B na mho- 
jKecTBe Mop4)H3MOB Mor{B, C) onpeflejiena CTpyxTypa il-ajire6pbi. MnoiKecTBO 
roMOMop4)H3MOB f2-ajire6pbi 

fB,c ■■ A ^ Mor{B, C) 
HasbiBaeTca npeflCTasjieHHeM f2-ajire6pBi A b KaTeropHH B. □ 

EcjiH npeflnojiojKHTB, hto MHOJKecTBO Mor{B, C) onpeflejieHHO tojibko, Korfla 
B = C , TO Mbi nojiyHHM onpeflejienne T*-npeflCTaBjieHHH. PasjinHiie b onpe;i,ejieHH- 
Hx cocTOHT B TOM, HTO MBI HC orpaHHHHBaeM ce6si npeo6pa30BaHiiaMH MHOscecTBa 
_B, a paccMaTpHBaeM fi-ajireGpy OToGpajKeHnii h3 MHOJKecTBa B b MHO>KecTBO C. Ha 
nepBbiii B3rjiHfl hbt npHHri,HnHajiBHBix pa3jiHH:HH mex^py paccMaTpHBaeMbiMii leo- 
pHHMH. O^HaKO HeTpyflHO 3aMeTHTb, HTO npeflCTaBjiCHHe BeKTopHoro npocTpancTBa 
B KaTeropHH paccjioenHH npHBO/i,HT k TeopHH CBH3H0CTeH. 
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FjiaBR 5 



Ilpe^MeTHMH yKasaTejib 



★T-npeflCTaBJieHHe 17i-ajire6pi>i A b Q2- 

ajire6pe M 7 
★T-npeo6pa30BaHHe 7 
★T-cflBHr 24 

T*-npe;i,CTaBJieHHe fii-ajire6pi>i A b ^2- 

ajire6pe M 7 
TTir-npeo5pa30BaHHe 7 
T-^-cflBHr 23 

aBTOMOp4>H3M 6amHH npe^CTaBJieHUH 45 
aBTOMop<|)H3M npeflCTaBJieHHH 5-ajire6pbi 
21 

aKTHBHoe npeflCTaBJieHHe Jiynti 2t(/) b 
MHoroo6pa3Hn 6a3HCOB I3{f) 37 

aKTHBHoe npeo6pa30BaHHe MHoroo5pa3HH 
6a3HCOB npe^CTaBJieHHH 37 

5a3HC 6amHn npe^CTaBJieHHii 53 
5a3HC npeflCTaBJieHHH 34 
SaniHH no^npe^CTaBJieHHH 47 
5amHH no^npe^CTaBJieHHH 6amHH 

npe^CTaBJieHHH /, nopOyK^CHHasi 

KOpTe^KCM MHOiH^eCTB ^[l] 49 

SaniHH npeflCTaBJieHHH r2-ajire6p 39 
rpynna CTa6HJin3aLi,nH 26 

3aKOH aCCOII,HaTHBHOCTH ^^JIH 

KOBapHaHTHoro TirT-npe;^CTaBJieHH5i 23 

3aKOH aCCOII,HaTHBHOCTH ^JIH 

KOBapHaHTHoro T*-npe^cTaBjieHHfl 22 

H30Mop4)H3M npe^CTaBJieHHH n-ajire6pbi 19 

KaTeropHH T^-npeflCTaBJiCRHH n-ajire6pbi 
A 20 

KaxeropHH T^-npeflCTaBJieHHH 17i-ajire6pi>i 

H3 KaTeropHH A 14 
KOBapnaHTHoe TtT-npeflCTaBJieHHe rpynnbi 

22 

KOBapHaHTHoe T*-npeflCTaBJieHHe rpynnM 
22 



KOHTpaBapHaHTHoe ★T-npe^CTaBJienHe 

rpynnBi 23 
KOHTpaBapHaHTHoe T*-npe^CTaBJieHne 

rpynnBi 22 

KOOpflHHaTbl aBTOMOp4)H3Ma 

npe/i,cTaBjieHHH 36 

KOOpflHHaTbl SJieMeHTa m OTHOCHTeJlbHO 

MHOiH^ecTBa X 32 
Kopxe^K KOop^HHaT sjieiviCHTa a 

OTHOCHTCJlbHO KOpTC^Ka MHO^KCCTB 

50 

KopTe^K MHOyKecTB o6pa3yiOin,Hx SaniHn 

no^npe^CTaBJieHUH 49 
KOpTe^K MHO^tecTB o6pa3yiomHx 6amHn 

npe/i,CTaBjieHHH 49 

KOpTe^K CTa6njIbHbIX MHOiH^eCTB 6amHH 

npe;i;cTaBjieHHH 47 

jieBOCTopoHHee npe^^cTaBjienHe rii-ajire6pbi 

A B f^2-ajire6pe M 7 
jieBOCTopoHHee npeo6pa30BaHHe 7 
jieBbiH c^BHr Ha rpynne 23 
jiyna aBTOMOp<J)H3MOB npe^CTaBJieHHH 21 

MajiaH rpynna 26 

Mnoroo6pa3He 6a3HCOB npe^^cTaBJienHH 37 
Mno:»cecTBO KOop^nnaT npeflCTaBJienna: 32 
MnoiMcecTBO KOpTe^cen KOOpflnnaT 6amHn 

npe/i,CTaBJienHn 50 
Mno^KecTBO o6pa3yion],Hx 

no/],npe/],CTaBJieHH5i 31 
MHO»cecTBO o6pa3yion],HX npeflCTaBJienna 31 
Mop4)H3M H3 6amHH T*-npeflCTaBJieHHH b 

Samnio T^-npe^CTaBJienHH 42 
MOp4)H3M npe^CTaBjiennii rii-ajire6pbi b 

n2-ajire6pe 9 

MOp4)H3M npeflCTaBJieHHH H3 / B 5 9 

neBbipOyK^ennoe npeo6pa30BaHne 23 
neBbipOyK^ennbiH 3H^OMOp(J)H3M 
npeflCTaBJienna 32 

o^Hopoflnoe npocTpancTBO rpynnbi 26 
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ripcflMCTHMH yKaaaTCjib 
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OflHOTpaHSHTiiBHoe npeflCTaBjiCHHe Q- 

ajire6pBi A 8 
op6HTa T*-npe^CTaBjieHH5i rpynnti 24 

napHbie npe^CTaBjieHHs rpynnti 29 
naccHBHoe npeo6pa30BaHHe MHoroo5pa3HH 

6a3HCOB npeflCTaBJieHHH 37 
noflnpeflCTaBJieHHe npeflCTaBjieHHH 30 
no;],npe/],CTaBjieHHe, nopo>K/],eHHoe 

MHO>KeCTBOM X 31 

npaBOCTopoHHee npeflCTaBjieHHe 
ajire6pBi A b f22-ajire5pe A/ 7 

npaBOCTopoHHee npeo6pa30BaHHe 7 

npaBbiH c^BHr Ha rpynne 24 

npeflCTaBjieHHe n-anre6pi>i A b KaTeroppm 
B 55 

npeflCTaBjiCHiie r2-ajire6pi>i b 6amHe 

npe^CTaBjieHHH 42 
npe/;cTaBjieHHe r2-ajire6pi>i b 

npe^CTaBjieHHH 41 
npeflCTaBjieHHe r2i-anre6pi>i A b ^2- 

ajire6pe M 8 
npeo6pa30BaHHe yHHBepcajibHoii anre6pi>i 7 
npeo6pa30BaHne, corjiacoBanHoe c 

SKBHBajieHTHOCTbK) 14 

npoii3BefleHne mop4)h3mob 6amHn 

npe^CTaBjieHHH 44 
npoH3BefleHHe mop4>h3mob npeflCTaBjieHHH 

yHHBepcajiBHOH ajire6pbi 13 
npocTpancTBO op5ht T*-npeflCTaBjieHHH 25 
npaMoe npoH3BefleHHe T*-npeflCTaBjieHHH 

rpynnbi 25 

CBo6oflHoe T^-npe^CTaBjieHHe rpynnbi 26 
CTa6HjibHoe MnojKecTBO npeflCTaBjienna 30 

TpaH3HTHBHoe npcflCTaBjienne r2-anre6pbi 
A 8 

HeBbipo^KflennbiH 3h^omop4)H3m 6amnH 

npe^CTaBjiennn 49 
3HflOMop4)H3M 5amHH npeflCTaBjieHHit 45 
3HflOMOp4)H3M SaniHH npeflCTaB JieHHH , 

BbipojK^ennbiH na Kopxe^Ke Mno^KecTB 

o5pa3yiom,Hx 49 
9HflOMop4)H3M 6amHH npe^CTaBjieHHH, 

HeBbipojK^ennbiH na Kopxe^Ke 

MHO^KecTB o6pa3yion],Hx 49 
3HflOMop4)H3M npeflCTaBjieHHH 5-ajire6pbi 

20 

3HflOMOp(J)H3M npeflCTaBJieHHH, 

BbipojKflennbiH na Mno>KecTBe 

o5pa3yiom,Hx X 32 
3nflOMop4)H3M npeflCTaBjiennn, 

neBbipojK^ennbiH na MHO^KecTBe 

o5pa3yionj,Hx X 32 
34>4)eKTHBHan Gamna T^-npeflCTaBjiennfi 

46 



34)4>eKTHBnoe T^-npeflCTaBJienne rpynnbi 
26 

34)4)eKTHBnoe npe^CTaBjienne r2-ajire6pbi A 

8 

aflpo nes^xjjeKTHBnocTH T*- 

npeflCTaBJiennn rpynnbi G 26 



FjiaBR 6 



Cnei],Hajii>Hi>ie chmbojibi h oGosHaneHHa 



Jiyna aBTOMop4)H3MOB 
npe^CTaBJieHHH / 21 

■kt npaBbiii c^BHr 24 
t-t, JieBMH cflBHr 23 

B{f) MHoroo6pa3He 6a3HCOB 

npe^CTaBJieHHii / 37 
Bf CTpyKTypa Bcex no;];npe^CTaBJieHnii 

npe^CTaBJieHHH / 30 
By CTpyKTypa 6ameH no^npe^CTaBJieHHfi 

6amHH npe^cTaBJieHHH / 48 

aKTHBHoe npeflCTaBJiCHHe jiynM b 
MHoroo6pa3Hn 6a3HCOB B{f) 37 

f{G)v op6HTa npeflCTaBJieHHH rpynnbi G 
24 

Gx Majiaa rpynna sjieivieHTa x 26 

vG op5HTa KOBapHaHTHoro scJx^eKTHBHoro 

★T-npe^CTaBJieHH5i rpynnti 27 
Gv op6HTa KOBapHaHTHoro 34)4>eKTHBHoro 

T*-npe^cTaBJieHHa rpynnti 27 
Gx rpynna CTa6HjiH3aii,HH sjieMeHTa x 26 

Jf onepaTOp saMbiKanHsi npeflCTaBJiennH / 
31 

J{/) onepaTOp saMbiKannsi 6amHH 

npe^CTaBJieHHH / 49 
J(/, SaniHH no^npe^CTaBJieHHH 

6amHH npeflCTaBJiennn /, 

nopo»c/],eHHa5i KOpTe^ceM mho^ccctb 

Xrii 49 



AI/i,t{G) npocTpancTBO opGnT -kT- 

KOBapnaHTHoro 3<J)4)eKTHBHoro 

npeflCTaBJienna rpynnti 27 
M/t-).(G) npocTpancTBO opGnT Tir- 

KOBapnaHTHoro 3<J)4)eKTHBHoro 

npe/^CTaBJienHH rpynnti 27 
M/f(G) npocTpancTBO op5HT T*- 

npe;i,CTaBjieHHH rpynnti G b 

MHO^tecTBe 25 

T A KaTeropna T^-npe^CTaBJiennn 

ajireSpbi A 20 
T ii: A- KaTeropHH T^-npeflCTaBJiennn £li- 

ajire5pbi h3 KaTeropnn ^14 

W{f,X) MHO^KecTBO KOOp^nnaT 

npeflCTaBJienna Jf(X) 32 
W{f,X^i^) MHO»cecTBO KOpTe^Ken 

KOop^HHax 6amHH npeflCTaBJiennfi 

l(lX 11]) 50 
w{a^ /, ^[1]) KOpTe»c KOOpflnnaT sjieivienTa 

a OTHOCHTeJIbHO KOpTC^Ca MHOvKeCTB 

50 

6 To:»cflecTBeHHoe npeo6pa30BaHHe 7 



MHO^KecTBO ★T-npeo6pa30BaHHH 
MHO^KecTBa AI 7 

* M MHO?KecTBO npeo6pa30BaHHH 

MHO?KecTBa M 8 

* M MHO?KecTBO T*-npeo6pa30BaHHH 

yHHBepcajibHoii ajire6pbi M 7 
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